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BEFEOM5R (World of Mathematics) June 21, 2013

Final Exam AY 2013

ID#: Name:

UTOBBICEWTRETIR >z Theorem, Proposition ZFAWSMFE. Handout [CHBDESE
fcld. ZORBZHAELT S I & Whenever you apply theorems and propositions in handouts,

quote the statements or their numbers.
1. p,q,r % Gall) ML T2, Let p,q,r be (logical) statements. (10pts)

(a) TO=20 (K& fiEDEIRE% K X, Find the truth values of each of the three (combined)

statements below.

-(pANg) = r | (pvr) A (gVr) | = (p= 9

<

SN s T e T e T e T = R IR B I
DN R e
ST e B B T e B o B e B B B

(b) XDOKD I BLIELWH DTN TZHATH®D, Encircle correct ones.
i =(pAg)=r=({(mVr)A(qVr),
ii. pAg=-(p=—q).
(c) =(pAq)=r & - & = LFRNZTEH O, AV Z2fib IR, Express ~(pAq) = r using

only —, = and parentheses without using A or V.

Points

1. 2.()b)] (0)(@) | 3. 4. 5. 6. 7. 8. Total

/10 /10 /10 /10 /10 /10 /10 /10 /10 /90 pts
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2. HIAWRE) LTHML o7 R %2 H 9 72 D12 500 F1E % T EE 20,000 F57 (40 ) fr<effiic 30 HCliy
HpHrZEicl, BH1IBIIAN, Atz aA v oz Gisk L7, H decided to save exactly 20,000
yen to buy a book H wanted to buy for many years. H deposited 500 yen coins into a piggy bank
and saved the amount, i.e., 40 coins, for 30 days, H deposited at least one coin a day, and kept a

record how many coins he deposited each day. (20pts)

(a) 30 HO ) B ofiliiricix, 500 MaA vz 1L ANz e 5 2 L a2, ks H
WTHIH L T Z 3\, Explain by way of contradiction that some day H deposited only one

coin.

(b) MHHICWL, SliF0 2B 2 5 L 30 HEDOGEE L TUIRTTHEY b 50, BEZ) %5
OB E L BT, 0 DIETEZTLZE 0, In how many ways H can save 20,000 yen in

30 days? Give your answer in ,,C,, form with an explanation.

() i=1,2,...,30 £ L, i HHETIC AN 500 HEEDEGEEE b, £ 3%, bp=0 £T %, &
ik j(0Si<ji<30)IC2WT, b —b; 2330 THRID YU, i+ 1 HH»S j HEET
THEE, 30T 7bD 15000 Mird /22 Liche3 2 E2HHLTLEEw, Fori=1,2,...,30,
let b; be the total number of coins saved from day 1 to day ¢. In addition, let by = 0. If b; — b;
is divisible by 30 for some ¢ and j (0 <4 < j < 30), we know that from day i + 1 to day j, H
saved exactly 30 coins, i.e., 15,000 yen. Explain this fact.
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(d) TEE 30 ¥ (15000 M) fro 72 ifA3dH 5 2 & 25 L T 723, Explain that there are some
period, say from day ¢ 4+ 1 to day j, H saved exactly 30 coins, i.e., 15,000 yen.

3. To2 iz EHDOFEEZM G, a, b, c,d, e, f, g hijz2fER ([HETORY) 2y 7 —27T
ERRNDBDZIED 72>, We plan to constract a most inexpensive network connecting a, b, c,
d, e, f, g, h, i, j using the cost table below. (10pts)

(a) ZDE5BFy b =D, I T7EEZBERERDZ EEFHHL TL FE v, Explain that

every such network is a tree as a graph.

(b) BHERAND Xy b7 =27 —2Z FIZKRLTFE W, £/, ZORDOEMIZ W 52, (A7
JiH) Draw a most inexpensive network connecting a, b, c, d, e, f, g, h, i, j below, and give
the total cost. (1 unit = 10,000 JPY)

| lifif[n]gf[tfefd]c[b]
allslal1]1]2]4 42| i o
bl5]5][2]4]5]4 5 '
cl2l3l4|3]2]3 ‘e ob
dl[3l4]3][5]2]3
ell3lalal3]s he e
fllalslala
g|34]3
Wl 4]3 ‘e od
il b fo PYS

&5t (Total) : 7 (x 10,000 yen)
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4, STHRELIFZITEM EDZ F 71220V TH X %, Consider graphs with eight or nine vertices. (10pts)

(a) HBTHKDORED 6 TH5 9 HE LD K OHFMOXEIZ., 6,3,1,1,1,1,1,1,1 TH S »
6,2,2,1,1,1,1,1,1 OfintrTH 5 2 & 2L T < 72 &, Explain that if one of the vertices
of a tree with 9 vertices has degree 6, then the degree sequence is either 6,3,1,1,1,1,1,1,1 or
6,2,2,1,1,1,1,1,1.

(b) (a) DEMAZW T TARTHAE TR VS D2 §TNTHTF SV, Draw all non-isomorphic trees

satisfying the conditions in (a).

(c) 9THKE D 7 IEAIZ 5 713, —DObHFEL R W I &EZ2@H L T T v, Explain that there are

no 7-regular graphs with 9 vertices.

(d) 8 5 LD 6 FHIZ T 71, TRCAMTHD 2 & Fhb b AL IZ—FEL 5720 2 %5
BHL T T &\, Explain that all 6 regular graphs with 8 vertices are isomorphic, i.e., there is

essentially one 6-regular graph with 8 vertices.
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5. T 13 TEREDY v, OB e, OB f THLHEELFH I 77 ThHD, ZDLE, find p 2L
TDELI12F %, Let I be a connected plane graph with v vertices, e edges and f faces. Let p be

the following statement on I'.
p: TZiE, REDS 3 DTOEMEZIZ 3ATHEN T AHBEET S,

There is a vertex of degree at most three or a face that is surrounded by 3 edges. (10pts)

(a) ol p ZISBECRT, p #EETHE, wedmD2f Se PMUT 22 LAFHMLCF X
V>, In order to prove p, by way of contradiction, assume p is false. Explain that 2v < e and
2f < e hold.

(b) fid p DKL T B Z & ZFH L T 72 S v, Explain that the statement p holds.

6. TDT I 7122WTEZ %, Consider the graph below.

(a) NIV T T 7 TR VI L%, Theorem 7.3 ZHWTHIHE X, S, A, w(A) I TH 3
POHHRL, NIV T 77 TlEBRCHIBZHGT 5 2 L, Show that the graph is not

Hamiltonian by applying Theorem 7.3. Describe S, A, and w(A). (10 pts)
a b c
®
d e
f 0 ®)

(b) &% “THMZATRES E (Fr7cicide LTIMA % &), Hamilton 77 7127 %, ZHUL, (i) £D
JHR L EDJERD, SiETEHEZ K, 72, (i) NIV b Vg Z HE OGS TR, If we connect
two vertices of the graph by an edge, then it becomes a Hamilton graph. (i) Which are the

two vertices? (ii) Write a Hamilton circuit by the labels of vertices.

(i) (i)
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7. (a) TDTI7F, TRTCOHERZMHEPOBEE L 72718l TE& 4w T E2FHPIL TR,
Explain that it is impossible to partition the vertices of the graph below into vertical or

horizontal pairs of adjacent vertices.

(b) To7 771k, EORVHRZ DL ROEA 22D ROTH, MrEOBE L X7
DHElcEL Z L EPHLTTF X\, Explain that it is possible to partition the vertices of the

graph below into vertical or horizontal adjacent pairs of vertices no matter which of the two

vertices, one black and one white, are removed.
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8 HIAY1,3,9,27,81 77 LDEBHH (weight) B3ZNZEN—2FTDH 5, 1z TKRFF (scale)
T, 17 72L%HT1,2,3,...,121 77 LDHEI%@m5 I EDTE S I L%R LI\, There are 5
weights of 1,3,9,27,81 grams. We want to show that one can weigh a thing of 1 to 121 grams in 1
gram increments using a balance scale.
eg. 1 ZEMD7WbDELT, Al 1g,3gDBHNE, 2 2D¥, FHIC9gDEDHZDEHD
G076, zlE5g THBHI EDMB, When one wants to weigh z, put 1 g and 3 g weights and z
on the letft and 9 g weights on the right. If it balances, x is of 5 g.

(a) LTOEIZES L ZITIF, ED L) ic, KFEHTHEE UL XD, When you want to weigh the

following, what would you do?

i. 40 g

ii. 50 g

iii. 100 g

(b) 1g 2°5 40g £TIlE, 1g, 3g, 92, 27Tg DE B D ZH VT 1g AATES I LN TE S I L2M-
TW3ELT, 41g 26 121g DRIDEI B, 1,3,9,27,81g DEDH H ZHWT, 1g A THES
TEMTELZ L ZPHL TT I, Suppose you know the way to weigh 1g to 40g in 1 gram
increments using 4 weights, 1g, 3g, 9¢ and 27g. Explain that it is possible to weigh 41 to 121

grams in 1 gram increments using a balance scale.

Ayt—Y ((F—2X=VHEFAT, IZHFLDO Z &, If you wish, write “Do Not Post.”)

S OB EMEOE S AN (a) IR - BOENEE R BT 2 2 & (b) —DOBCEO R IR
228 () BFEELEIE, ZHNELE L, INSHICOVT, BXOEE -BICOVT, ZOEE—
MIZDWT, FHICBEERIZDW T, AND A v =Y EfMTHHE VT TSI, (There are three purposes of
this course; (a) to experience logical and mathematical thinking, (b) to have a glimpse of a world of mathematics,
(¢) to enjoy mathematics. Give comments on these, mathematics in general, or on this course especially for

improvements, etc.)
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HZOHR (World of Mathematics) June 21, 2013
Solutions to Final Exam AY 2013

UTOMBICEWTERETIR > Theorem, Proposition ZFHW3E. Handout ICHIESF
fcld. TORNBZMEELT S I & Whenever you apply theorems and propositions in handouts,

quote the statements or their numbers.
1. p,qg,r % Gadl) L 35, Let p,q,r be (logical) statements. (10pts)

(a) TO=20 (fiy) andEOEHE%Z K X, Find the truth values of each of the three (combined)

statements below.

plag|r|~pAhg = r | (@vVr) A (qVr)| - (p=q)
T|T|T F T T T T T T F
T|T|F F T F T T T T F
T|F|T T T T T T T F T
T|F|F T F F T F F F T
F|T|T T T T T T T F T
F|T|F T F F F F T F T
F|F|T T T T T T T F T
F|F|F T F F F F F F T

(b) XDOAD I BLIELWH DTN TZ2HATH®, Encircle correct ones.
(i. “(pAhg)=>r= (p\/r)/\(q\/r)D
(i. pAg==(p= —q))
(c) =(pAq) =1 & ~ L = LT EH O, A,V Z2fib IR, Express ~(pAq) = r using

only -, = and parentheses without using A or V.

Soln. ~(pAg) =r=-(=(p=—q)=r=(p=q) =r

2. HIAWRZEI LTHML o A% EH 9 7012 500 FIEZ T EE 20,000 F157 (40 #) fr<4fic 30 HTlr
OpHrI L, BH1IKIIAN, AFcaAd v ofgzGlik L7, H decided to save exactly 20,000
yen to buy a book H wanted to buy for many years. H deposited 500 yen coins into a piggy bank
and saved the amount, i.e., 40 coins, for 30 days, H deposited at least one coin a day, and kept a

record how many coins he deposited each day. (20pts)

(a) 30 HO 3 5 ofhnicis, 500 a4 v % 1K Lp AN A7 Hab 5 &%, SEEE
WTEBH L T 72X 2, Explain by way of contradiction that some day H deposited only one
coin.

Soln. HHEAR 1 IZANT V206, 1L AN G227 H R ET 5 L, HH2KIEA
NTVR256, 30 HTlE, RIETH 60 ANLS 2Lk 5, 30 HTTE 40 206, Jiud
FETHD, Lo T, TEIRLLANR»>HPH 5,

Since H deposited at least one coin, H had deposited at least two coins every day if the
conclusion was false. Then in 30 days H would have deposited 60 coins, which contradicts

that H saved exactly 40 coins in 30 days.
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(b) fHHICWL sl % HE 2 % & 30 HEOFSkRE LT3Rl b b 20, B¥2H)7%5%
DOPHEE LD, ,Cp DIFTEZTLZE v, In how many ways H can save 20,000 yen in
30 days? Give your answer in ,C,, form with an explanation.

Soln. 40D 2 A > D] 39 fdlic, 29 DALY D Zvshaud, 30 HIZF 5 2 L3 TE 2006,
39009 = 39C10 £ %,

The number is same as the way placing 29 partitions in the 39 places between coins when 40
coins are arranged in a row. So the number is 39C59 = 39C1p.

() i=1,2,...,30 £ L, i HHE TIC AN 500 MEEEDOEGEHEE b, £ 55, bp=0 £T %, &
ik j(0Si<j<30)I220T, by —b; 330 THEIDYINIUL, i+ 1 HH»S j HHET
T, 30T %bb 15000 MHiFD 72 E1ch2 2 2L TLEZ v, Fori=1,2,...,30,
let b; be the total number of coins saved from day 1 to day i. In addition, let by = 0. If b; — b;
is divisible by 30 for some ¢ and j (0 £ 4 < j < 30), we know that from day i + 1 to day j, H
saved exactly 30 coins, i.e., 15,000 yen. Explain this fact.

Soln. b; (j =1,2,...,30) \&, j HH £ TIZ A7 500 FEEEDE 72726 40 AT TH %, by =0
BDOT, bj—b; (05i<j<30) ERINZHF, OUTOHARKTHS, Licdi>T, Ih
2330 THID YN L FF, THE 30 ICA 652 27%\, 40 LT O HARET 30 Df5FEUE 30 72
FEEPSTHD, £, bj—b; 13, j HETICAN 2L, YOBN»S, i+1 HHXDENIZ AN
72af v oOBETICTWEDT, i+1HH»S j HHETTE, 30 T 7%2b b 15000 Ml 7-
LIt B,

Since b; (j = 1,2,...,30) is the number of coins deposited from day 1 to day j, this number is
at most 40. As by = 0, the number b; —b; (0 = ¢ < j < 30) is a positive integer and divisible
by 30 by assumption. Since 30 is the only multiple of 30 less than or equal to 40, b; — b; = 30.
On the other hand, this number is the number of coins deposited up to day i subtracted from
the number of coins deposited up to day j, this is the number of coins deposited from day ¢+ 1
to day j. Thus this fact tells us that from day ¢ + 1 to day j, H saved exactly 30 coins.

(d) TEE 30 B (15000 M) fro 72238 5 2 & 23 L T 723 v, Explain that there are some

period, say from day i 4+ 1 to day j, H saved exactly 30 coins, i.e., 15,000 yen.
Soln. i =0,1,2,...,30 IZ2WT, b; % 30 TH-7WE% ¢;. ®VEZr, £T5E, by =30g;+7;
(0 r; <30) £FFB, L3> T, 0 rg,71,...,730 £ 29 TH B, Tt 31 {HOEIC
0MEDBTDENIPTHS I E2BRT 206, IMOFRFHICI D, TOLPICHEL b DI
Ed%, 2Nz r, Lrj (05i<j<30) &E95E, ri=r; 205

bj — bi = (30q; + r;) — (30r; 4+ 1) = 30(q; — a:)

L%, (c) Eh. SHUE. i+ 1 HHSS j ABICTE 30 BlFo 722 L 2 EWHRL T 5,

For i = 0,1,2,...,30, let b; = 30¢q; + r; with 0 < r; < 29, ie., ¢ is the quotient and 7;
the remainder obtained after dividing b; by 30. Since 0 < rg,7r1,...,730 < 29, 31 numbers
are in {0,1,...,29} with 30 varieties. By the Pigeonhole Principle, there exist < and j with
0 <4< j <29 such that r; = r;. Hence

bj —b; = (30qj + Tj) — (307“i + Ti) = 30(qj — Qi)~
Now by (c), from day ¢ + 1 to day j, H saved exactly 30 coins.

3. To2 Mz ESEHOEZM G, a, b, c, d, e f, g h i jZ2ES (EETHLREV) 2y b7—7T
BRRND S DEIED 72>, We plan to constract a most inexpensive network connecting a, b, c,
d, e, f, g, h, i, j using the cost table below. (10pts)
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(a) 2D & IRy T =DIF, VI 7EEZDERELDZEEFHFL TL &\, Explain that
every such network is a tree as a graph.
Soln. BEIfNIC O3> T2 DT, HiiTH 2, XAPHENRH 2 & HOHD—ADiL%H
DERGTH R, X DK%y P T =20 D, Licdso T, BARYARS,
Bl % b 7272\, DD, 777 L LTUE, EiETHEBR WL ERTH S,
Since the network connects all points (vertices), the graph corresponding to it is connected.
If there is a circuit, the network is not a most inexpensive one. This is because even if one
edge in the circuit is removed, the graph remains connected and we can obtain a cheaper
network. That means every most inexpensive network does not have a circuit. So as a graph

it is connected and does not have a circuit, it is a tree.

(b) BHEANDF Y F7—27—2% TR LTIFI W, £/, ZOROEHIZWL 50, (B
JiH) Draw a most inexpensive network connecting a, b, ¢, d, e, f, g, h, i, j below, and give
the total cost. (1 unit = 10,000 JPY)

L Jilif[n]gf[flef[d]c[b]
alls5lal1]1]2]4 4
b5]5]2]4]5]4 5
cll234l3]2]3
dll3l4al3][5]2]3
ellslalals]s
fllalslala
cll3]4]3
hia4]3

5

[

A5t (Total) : 18 7AM (x 10,000 yen)
4. STEMELIZIHEM EDZ F 71220V TH X %, Consider graphs with eight or nine vertices. (10pts)

(a) HAHTARDORED 6 ThHs 9 HEA LD KR OJTHFORXREIZ. 6,3,1,1,1,1,1,1,1 TH %
6,2,2,1,1,1,1,1,1 it TH 3 Z & ZFHH L T < 72 &>, Explain that if one of the vertices
of a tree with 9 vertices has degree 6, then the degree sequence is either 6,3,1,1,1,1,1,1,1 or
6,2,2,1,1,1,1,1,1.

Soln. [HM%Z x,72,...,29 &L, JHE 29 DXEZ 6 & T 5, REDOWBUILDE DI 72
%, ROVIOBIITHRDOED S 1 2510 bDEn 6, 9HROKRDUOEIE, 8 THS, Let
T1,Z2,...,T9 be vertices and assume that the degree of xg is 6. Since the number of edges of
a tree with 9 vertices is 8, and the total number of degrees is 2 times the number of edges.

This number becomes 16 in this case. So

16 = deg(z1) + deg(za) + - - - + deg(zg) = deg(x1) + - - - + deg(ag) + 6.
#it> T Hence deg(z1) + deg(z2) + - - - + deg(xs) = 10, Mz D TREIZTRT 1 L EED S,
¥, 6,3,1,1,1,1,1,1,1 TH %5 6,2,2,1,1,1,1,1,1 Dl TdH %, Since it is connected

with at least two vertices, the degree of each vertex is at least 1. Therefore, the degree sequence
is either 6,3,1,1,1,1,1,1,1 0r 6,2,2,1,1,1,1,1, 1.

(b) (a) DEMAZG T2 TARTHEE TR VS D2 §TNTHT T SV, Draw all non-isomorphic trees
satisfying the conditions in (a).
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Soln.

OMEE ED 7 IEHIZ 7 718, —DObHFEAEL BRI E2FHHL TF&E Vv, Explain that there are
no 7-regular graphs with 9 vertices.

Soln. FHXMDTARIZMEMDH 2, L, IHA LD TIEMZ 770852 525E, 7 £v)
WERBOIERD 9 Mb 5 it b, FETH S,

There are even number of odd degree vertices. If there is a 7-regular graph with 9 vertices,
the number of vertices of degree 7 (odd) is 9 (odd). This is absurd.

8K LD 6 IEHIZZ 713, $XRTHAMTHS 2L, TALBAREMICIEZ-FEHEL»AVI L2H
BHL T F &V, Explain that all 6 regular graphs with 8 vertices are isomorphic, i.e., there is
essentially one 6-regular graph with 8 vertices.

Soln. 2OV 7707771k, 8 ED 1IEHIZ 7 71ck 3, UL, 4 DDHADHD Y
7806, AEANTHS, § HE LD 6 IV F 713Z20Hi7 7 71206, §XTHET
b5,

The complement of each 6-regular graph with 8 vertices is a 1-regular graph. 1 regular graph
consists of 4 edges and all are isomorphic. 6 regular graphs with 8 vertices are all obtained as

the complement of this graph and they are isomorphic.

5. T 13 TERMEDY v, HOED e, HOED f THLHEELVHI 77 THD, ZOLE, i p 2L
TDELI12T %, Let I be a connected plane graph with v vertices, e edges and f faces. Let p be

the following statement on I'.
pr DIZIE, KBS 3 LU TOIEN 7213 3 U THEN TV BHMBHELET 5,

There is a vertex of degree at most three or a face that is surrounded by 3 edges. (10pts)

(a)

il p ZWHIETRT, pZ2BETEE, 0l e D 2f SeDPWUTZZERZFHALTCTE
V>, In order to prove p, by way of contradiction, assume p is false. Explain that 2v < e and
2f < e hold.

Soln. Y % &, FIHMOREIE 4 BLET, #Fifild 4 KL EDATHENT WS Z L2k 5,
Proposition 8.2 (i), (ii) 7» 5. LT DXAIK D 372, Suppose not. Then the degree of every
vertex is at least four and every face is surrounded by at least 4 edges. By Proposition 8.2 (i)
and (ii), we have 4v < 2e, and 4f < 2e. L7235 T, Therefore 2v < e and 2f < e.

il p AL T 5 2 & 2FHA L T 72 &, Explain that the statement p holds.

Soln. Theorem 8.1 DA A 7 —DRXZMHV5 L, TOXKX D F%2E %, By applying the

Euler’s formula in Theorem 8.1 we obtain a contradiction.

1 1
2:U—e+f§§e—e+§ezo.

6. TOT I 7122WT#EZ %, Consider the graph below.

(a)

NINEY 7T 7TIERWI &%, Theorem 7.3 ZHWTHHY X, 9, A, w(A) 2¥MTH 5
POHHRL, NIV 77 TlEBRVHZHGT 5 2 L, Show that the graph is not
Hamiltonian by applying Theorem 7.3. Describe S, A, and w(A). (10 pts)
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a b & a b C
® [ ] o
d e d e
[ ]
L (0] L
f g h f g h

Soln. S=1{b,f} £9%, §2&, SZFEVTTEL/77 AIFGEONDEIICKD, 2D
RS T OBUE, 3 DT, 3=w(A) > |S|=2. Theorem 7.3 £ O, NIV ¥ 7 F 7T,
EATE S ZEo5TH w(A) S|SB L R T UE RS Bwdr 6, TOT 7 7ENINVEVT
7 7 Tld i\,

Let S ={b, f}, and let A be a graph obtained by deleting vertices in S and edges containing a
vertex in S. Then A becomes as depicted above on the right. Since the number of connected
components of A is three, we have 3 = w(A) > |S| = 2. By Theorem 7.3, if T" is Hamiltonian,
w(A) £ |S] must hold for any choice of S. This graph is not a Hamilton graph.

H5HJHREATHESE F7idde LTA % L), Hamilton 77 712k %, ZtuUd, (1) £D
JHRE EDTHR D, BT TEHEA L, 7, (i) 3V b VPl Z2 HE OGS T, If we connect
two vertices of the graph by an edge, then it becomes a Hamilton graph. (i) Which are the

two vertices? (ii) Write a Hamilton circuit by the labels of vertices.

(i) d, e. (ii) a,b,d,e,c, h, g, f,a (Hamilton Circuit)
TD77 71, TXTOIHRZHMEPREDBERE L 72~ 7Ic3#H TE v ZE2HLTT I,

Explain that it is impossible to partition the vertices of the graph below into vertical or

horizontal pairs of adjacent vertices.

Ll

Soln. H LD XkHic, HEEZHEBETZ L, MPEORTIZTEE, 6T, B—HEa—#
DRTPIZZB I EBbD5, LrL, A16, BH14 TEP—HLTVURLDT, @T2HLED
RT7IZTEZEIXTER D,

Color the vertices of the graph in black and white as above. Then both vertical and horizontal

adjacent pairs consist of one black and one white vertex. Observe that there are 16 whites and
14 blacks. So it is impossible to pair up all vertices in this way.

Tor7 7 EOHVIHEZ D L ROIHE 22 FReTH, MM OBEE L 72X 71
SElcEL Z L EPIHL TT X\, Explain that it is possible to partition the vertices of the

graph below into vertical or horizontal adjacent pairs of vertices no matter which of the two

vertices, one black and one white, are removed.

HH ?O;i;m
assall beasess
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Soln. 5 EORD LIz, ZDT I 71NN+ VEAEYEH S, ZOHK»S, H—D2H8—2H
DERS &L TRTOED S H—DDED, ZDDIKITITD 5 HY (Theorem 7.3 K D Y 1%
2MELAT) O BRw7zDds, H—28—2%DT, B2oIEULEVH, £/4F, H»SHRENR
Lo Tndd, RIBMETHSE, Lo T, HEOBMELARTICT S I LNTES,

There is a Hamilton circuit as drawn above on the right. If two vertices, one black and one
white, are removed, it will become one path or two paths. Since one black and one white are
removed, the path starts from a white and ends at a black or starts from a black and ends at
a white. Therefore the length of these paths are even, and they can be partitioned into pairs

of adjacent vertices.

8. HEIDY1,3,9,27,81 77 LDESHH (weight) BZNEN—DFTDH 5, Tz TR (scale)
T, 17 72%HT1,2,3,...,121 77 LDHEI 2 @mAH I EDTESL I L%R LT\, There are 5
weights of 1,3,9,27,81 grams. We want to show that one can weigh a thing of 1 to 121 grams in 1

gram increments using a balance scale.

eg.

r ZEPD 0B DELT, Al 1g, 3g DELDE, 2 2D, HIC9IgDELNZDEHD

G0, v lE5g THBIZ EDHB, When one wants to weigh z, put 1 g and 3 g weights and x
on the letft and 9 g weights on the right. If it balances, x is of 5 g.

(a)

DToEIZES EZITE, EDLH iz, RFEIZHEE UL X2, When you want to weigh the

following, what would you do?

Soln. x ZED72\bDET 3, Let o be a thing we want to weigh.

i. 40 g Left: x. Right: weights of 1,3,9,27 grams.
ii. 50 g Left: = and weights of 1, 3 and 27 grams. Right: weights of 81 grams.
iii. 100 g Left: « and weights of 9 grams. Right: weights of 1,27, 81 grams.

1g 205 40g £ T, 1g, 3g, 9g, 27g DED D ZHWT 1g AATES 2 E3TE 52 L-
TV ELT, 41g 26 121g DEIOEI H | 1,3,9,27,81 g DEDH H ZHWT, 1g AATES
ZEMWTELZEZPBAL TT X\, Suppose you know the way to weigh 1g to 40g in 1 gram
increments using 4 weights, 1g, 3g, 9g and 27g. Explain that it is possible to weigh 41 to 121
grams in 1 gram increments using a balance scale.

Soln. 81g DIfiE, 8lg DED N ZHZIT X VA6, ROODGHITHLIT 5,

Case 1. 41g 7»5 80g Dty v % qgram £ §5E, 1S81—q=40 L% %, KT, z, filT,
8lg DB H ZHEIX, iUk, FHIZ, 81 —qggram DDbDEFH LD EF L DT, RKED
5, BIDEI X, 1,3,927g DE LN ZDEL I ENTE 5,

Let z be ¢ grams with 41 < ¢ < 80. Then 1 < 81 — ¢ £ 40. Put z on the left and a weight of
81 g on the right. This can be regarded as the situation that a thing with 81 — ¢ grams is on
the right. By hypothesis, we ban balance it using weights of 1,3,9,27 grams.

Case 2. 82g 75 121g DYfr, v % qgram £ 95 &E,1<q—-81540 4%, LT, z, FIZ,
8lg DEDH H ZHWEIUL, Z4uF, AT, ¢—81 gram DHDEHFHKE D LR L DT, KED
5. HIDEH XIHIT, 1,3,9.27g DEL DV ZDHE LT EWTE 2,

Let x be g grams with 82 < ¢ £ 121. Then 1 £ ¢ — 81 £ 40. Put x on the left and a weight of
81 g on the right. This can be regarded as the situation that a thing with ¢ — 81 grams is on
the left. By hypothesis, we can balance it using weights of 1, 3,9, 27 grams.



