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Solutions to Homework 1

6.1.21 Show that the following identity holds for vectors in any inner product space.

1 1
(,0) = 1w+ ol = lu =]

Solution.
[+ v[* = [Ju—v?
= (u+v,u+v)— (u—v,u—"v)
= ((u,u> + <u,’u> + <v,u> + <’l),’l)>) - (<’U,,’U,> - <u,’u> - <'v,u> + (v,v>)
= 4u,v).
Hence we have the formula. ]

6.1.23 Let p = p(x) and g = q(x) be polynomials in Ps. Show that
1

5) +r(1)a(1)

(p.4) = p(0)a(0) + p(3)a

is an inner product on Ps. Is this an inner product on P3? Explain.

Solution. Clearly for all p,q € P5 (p,q) is a real number.

L (p,q) = p(0)q(0) + p(3)q(3) + p(1)g(1) = q(0)p(0) + q(3)p(3) + a(1)p(1) = (g, p) and the property
1 holds.

2. Let p;,p9,q € P». Then

by + P2 = (01(0) +p2(0)a(0) + (11 (3) + p2(5))aly) + (1) + p2(1)a()

p1(0)a(0) + 1 (3)a(3) + pr(Da(1) + p2(0)a(0) + p2(3)al) + p2(Va(1)

= (P1,q) + (P2, @)

Thus the property 2 holds.
3. For all real k,
(kp. a) = kp(0)a(0) + kp(3)a(3) + kp(1)a(1) = Kp(0)a(0) +p(3)a(5) + p(Da() = K{p,a)
Hence the property 3 holds.

Since p = p(x) is of degree at most 2, this implies p = p(z) = 0. Clearly if p =0, (p,p) = 0. The
last part is also a consequence of Theorem 6.1.1 (a).

Finally if we allow p = p(z) € P3, then 0 # p = p(z) = z(z — §)(z — 1) € P; but (p,p) = 0. Hence (p, q)

cannot be an inner product on Pj as it does not satisfy the property 4. [ ]
6.2.21 LetV be an inner product space. Show that if w is orthogonal to each of the vectors uy, us, . .., u,,
then it if orthogonal to every vector in Span{ui,us, ..., u,}.

Solution. Let v € Span{ui,usg,...,u,}. Then there exist real numbers cq,ca,..., ¢, such that

vV = ciuy + coug + - -+ + c,u,.. Hence
(w,v) = (w,c1u; + cous + -+ + ¢ uy) = cp{w, u1) + c2{w, uz) + - - + ¢ (w, u,).

By assumption, (w,v) = 0, and we have the assertion. [ |



Solutions to Homework 2

Main Results (6.3.4, 6.3.5, 6.3.6, 6.4.4) Let V be an n-dimensional inner product space, and W a
subspace of W. Let {ui,us,...,un} a basis of W, {qy,4qs,.-.,4a,,} an orthonormal basis of W and
{a1.92,- - @, Q15 - - @n } be an orthonormal basis of V. Let A = [uy,uy, ..., up]. Then the follow-
ing hold.
(i) WE={v|(v,w) =0 for allw e W} = Span(q,, 41, --,4,)-
(ii) For v € V, there exist w € W and w' € W+ such that v = w + w'. Moreover, w € W and
w' € W are uniquely determined and w = projy, (v).

(ili) projy (v) = (v,41)q; + (v, 42)q + -+ + (V, 4y, for allv € V.
(iv) Let 1 <i<m—1. Suppose W; = Span(u,...,u;) = Span(qy,9s,---,q;). Let

. 1
p= ui+1 o prOJWi (u1+1) = ui—‘,—l — <'va:+17q1>q1 —_ e — <ui+17qi>qi7 and q= mp

Then Wi"rl = Span(ulﬂ ey Ug, ui-‘rl) = Span(qla qz;. .-, qz7q) and {q17 dz;---,9;, q} is an or-
thonormal basis of Wiy1 and q can be chosen for q; 4.

Moreover, if V is the Euclidean inner product space on R™, then

(v) projy (v) = A(ATA)"1ATv for allv € V. In particular, if u1 = q, Uz = Qo ..., U, = q,,, then
AT A = I, and projy, (v) = AATv, which is equal to the expression in (iii).

6.3.18 Let R* have the Euclidean inner product. Use the Gram-Schmidt process to transform the basis
{u1, us, uz, uqs} into an orthonormal basis.

u; = (0,2,1,0), ug = (1,-1,0,0), us = (1,2,0,—1), uqg = (1,0,0,1).

Solution. Our notation is a bit different from the one in Example 7 (page 325). Let qq, g5, g3, Q4
are the orthonormal basis obtained by the Gram-Schmidt process.
Step 1. First let v1 = w;. Then
1 1
g, = —v; = —(0,2,1,0).
Pl V5

Step 2. Let W) = Span(q,), and vy = uz — projy, (u2)

vy = uz — (u2,qy)q,
1 1
= (1,-1,0,0) — ((1,-1,0,0), —=(0,2,1,0))—=(0,2,1,0
( ) —(( ) 5( )>\/5( )
1 1
= 3(5(1,—1,0,0) +2(0,2,1,0)) = 5(5,—1,2,0).
(5 1,2,00= - (5,-1,2,0)
R /TG NN R 5000 A0
Spep 3. Let Wo = Span(qy, q,), and v3 = uz — projy, (us)
vy = u3z— (u3,q;)q; — (u3,q,)q,
1 1
= (1,2,0,—1) — ((1,2,0,—1), —=(0,2,1,0)) —= (0,2, 1,0
( ) —(( ) \/g( )>\/5( )
1 1
—((1,2,0,—1), —— (5, —1,2,0)) —— (5, —1,2,0
(1,20, 1), (5. ~1.2.0)) 2 (5.-1.2.0
1 1
= %(30(1,2,0, —-1)—6-4(0,2,1,0) — 3(5,—1,2,0)) = %(157 15,—-30, —30).
1
g = ————(1,1,-2,-2) = (1,1,-2,-2).
3 H(1’17_27_2)H

—
ﬁ"é
(an)



Spep 4.

Let W3 = Span(q,, g5, q3), and v4 = uq — Projyy, (u4)

Vg = Uy — <U4,Q1>‘I1 - <U47(I2>Q2 - <U47Q3>(I3
1 1
= (1,0,0,1) —((1,0,0,1), 0,2,1,0))—(0,2,1,0
(1.0.0.1) = ((1,0.0.1), =(0.2.1,0))2=(0.2,1.0)
1 1
—((1,0,0,1), —(5,—1, 2,0 5,—1,2,0
((1,0.0.1), (5. -1,2.0) s (5.-1.2,0)
1 1
—((1,0,0,1), 1,1, -2, -2)) —(1,1,—-2, -2
((1.0.0.1). < ( It )
1 1
= %(30(1,0,07 1) — 0 —5(5, —1,2,0) -3 (—1)(1, 1,-2, —2)) = %(8,8, —15,24).
= ;(11 23)—L(11 23)
“OT ey Y T T
Therefore,
—L(OZIO) —L(5 1,2,0) —L(ll 2,-2) = 1(11 2,3)
q3_ 5 9 <y Ly 7q2_\/% I )<y 7q3_m P ) 7q4_\/ﬁ D] ) .

6.4.4 Find the orthogonal projection of uw onto the subspace of R spanned by the vectors vy, vs.

(a) u=(2,1,3); v1 = (1,1,0), vo = (1,2,1).
(b) uw=(1,-6,1); v1 = (—1,2,1), v = (2,2,4).

Solution. Let
11 -1 2
Aa=|1 2. B=| 2 2 .ThenATA—[?’ 2},3%—[2 264]
01 1 4
Hence
1 1 2 1 -1
1 — 1
A(ATA)*lAT:E 12 {_63 23H1 ;(1)]=3 1 2 1 |,and
0 1 -1 1 2
-1 2] 4 -2 2
1 - - 1
B(BTB)‘lBTzl— 2 2 {_41 11H21 ; H: -2 4 2
Sl 1 4] 6l 2 2 4
Therefore
1 2 1 -1 2 1 [ 2 1 4 -2 2 1 3
1 2 1 1| = 3 7 |, and 5 -2 4 2 -6 | =] —4
-1 1 2 3 | 2 2 4 1 -1
(a) Let W = Span(vy,v3). Then by Theorem 6.4.4, proj(u) = £(2,7,5).
(b) Let W = Span(vy,vs2). Then by Theorem 6.4.4, proj(u) = (3, —4,—1)



6.4.10 Let W be the plane with equation 5z — 3y + z = 0.

(a) Find a basis for W.
(

b) Use Formula (6) to find the standard matrixz for the orthogonal projection onto W.

(c

(d) Find the distance between the point Py(1,—2,4) and the plane W, and check your result using
Theorem 3.5.2.

Use the matriz obtained in (b) to find the orthogonal projection of a point Py(xg, Yo, 20) onto W.

)
)
)
)

Solution.

(a) W is the solution set of a system of linear equation with its augmented matrix [5,—3,1,0]. Hence

T g -1 3 ~1
y | =s| 1 |+t 0 , and a set of basis of W is 5 |, 0
z 0 1 0 5

Here s and ¢ are parameters. (Note that all elements of W can be written as a linear combination
of these two vectors. It is clear by looking at the second and the third entries that these two vectors
are linearly independent.) [ |

(b) Let A be a matrix consisting of basis vectors of W obtained in (a).

3 —1 10 15 -5
[P]:A(ATA)*lATzﬁ 5 [235 235H_31 ; 2}2315 15 26 3
0 5 5 3 34

(c) Let = (w0,%0,20)". Then
10%0 + 15y0 — 52’0

[Plx = T 15z0 4+ 269 + 32
—5x0 + 3yo + 3420

(d) [P](1,-2,4)T = 1(~8,—5,25). By Theorem 3.5.2

_ |pzo—3yo+ 2 +0]  5+6+4 335

D
V25+9+1 V35 7
On the other hand
, 1 1 3v/35
H(]-v _274) - prOJ(L _274)” = ||(17 _234) - ?(_8> _5325)” = ?”(157 _973)” = T
Hence these two values agree. [ ]



Solutions to Homework 3

6.5.9 Consider the basis B = {u;,us,us3} and B' = {v1,v9,v3} for R®, where

2 2 1 3 1 -1 -5
up=|1|,ug=1| -1 |,uz=1| 2 |, vy = 1 , Vg = 1 , Vg = 0 , W= 8
1 1 1 -5 -3 2 -5

(a) Find the transition matriz from B to B’.
(b) Compute the coordinate vector [w]p and use (9) to compute [w]p:.

(¢) Check your work by computing [w]p: directly.

Solution.

(a) Let P be the transition matrix from B to B’. Then P = [[u1]p/, [us]p/, [us]p/]]. Hence it suffices
to express ui, U2, U3 as a linear combination of vy, vo and vs.

3 1 -1 3
u, = 1|1 =3] 1 -2 1 | 45| 0 | =3v; —2v2+5v;3, and [uq]p = | -2 |,
|1 -5 -3 2 5
[ 2 3 1 —1 2
Uo = -1 =2 1 -3 1 + 0 = 2vy — 3vs + v3, and [UQ]B' = -3 s
| 1 -5 -3 2
[ 1 5| 3 R -1 5 1 5/2
uz = | 2| = 5 |- 3 1 |+6] 0 | = SV~ 52 + 6v3, and [uz]p = | —1/2
|1 -5 -3 2 6
Therefore,
3 2 5/2
P =[wi]p, [uo]p, [uslp]l=| -2 -3 -1/2
5 1 6

(b) First express w as a linear combination of uy, us, us.

-5 2 2 1 9
w = 8 =9 1 -9 -1 -5 2 :9U1—9’lL2—5'LL3. and ['LU]BZ -9
-5 1 1 1 -5

Since P is the transition matrix from B to B’,

3 2 5/2 9 —7/2
[w]B/ = P[UJ]B = -2 -3 —1/2 -9 = 23/2
5 1 6 ) 6
(¢) Now we find [w]p.
-5 3 1 -1
7 23 7 23
= 8 = —= 1 — 1 = —— — .
w 5 +2 +6| 0 2v1+2v2+6v3

|
ot

\
w
)



000000 6590000000000 B={uj,us,us} 0000 P = [uj,us,us] 030000
ooooooooooo PB/:['Ul,'UQ,'Ug]DDDDDDDRBDDDDD wd BOOOOODOODOOO
w=x1u1 +rxus+axzus 1000000000000

T
w = U + ToUg + T3uz = (U1, Uz, u3] | T2 | = Pglw|p
T3

00000000000000000 By={el,ese;} 00000w = [w]p, 00000[ws, = Pslwls
00000000000000000[w]p, = Pplw]p 00000000000000BO0OOO Duy, us, ug
D0000000000P; D0000000000000 [w]p = Pglw, [wp =P5lw 0000000
00000000BOD BOOODOOOOO (the transition matrix from B to B') P=Pg g 0000
goooooooood

P = [[wi]pr, [us] g, [us]pr] = [Pplui, Pglug, Pglus] = Pgltluy, us, uz] = Py Pp
DDDDDDDDDDDPB_lDDDDDDDDDDPB/ goooopPOOOOOOOOOOOOOOO
[w]p = Pg,l'w = Pg,lPB[w]B = Plw]p

ooooooo
0000000 PODODOODOOOOOOOO0O0O0000O0O [wi]p, [u]p, [us]sr 0000
O00000Ppx=uy, P =us, Ppx=v3; 000000000000000000000000O0O
O [Pp/,w1], [Ppr,usl, [Pp,us) 00000000 0P 0000000000000 000 [u]p, [us]s,
[u3)p 0000000000000 00000000000000000([Pgr,u1,us,uz] 000 3x60
0000000000000000000000000(7,[w]s,[u2]s,[us]z] 000000000000
00000000000000000000000000000000000[4,7]0000000000
O0000000000000000000000 [Per,u,up,us] 0000000000000 O0OPg
00000([Pe,Ps) 00000000000000C0O0000P;' 0000000000000000
000 Pg'[Ps,Ppl=[Pz'Pp, | 00000000000000000000000000O0OOOO0
00000000000(,[w]p,[ua]p,|[us]p] 000000000000000000000000O00O
[wi]p, [ua]p, [us]p] = (Pg'Pp)™' = P5'!Pp 0000000000 P=Py'Pp 0000000000
000000000000000000000000000000000000000000000000
0O0O00O0ooo
D0000000000000000000000000000000000000000000000
000000000000000000000000000000 (a) P= Pg'Pg, (b) [wlg = P3'w,
[w]p = Plw]p. (c) [wlp =Pzlw 000000
0000000000000000000000000000000000Pz! 0000000
000 w=Pplw]p 00000000000000000000000000O00O PpO0OOOO
000000000000 000000000000000000000000000000000000
000000000000000000000000000000

6.6.10 Let a rectangular x'y'z’'-coordinate system be obtained by rotating a rectangular xyz-coordinate
system counterclockwise about the x-axis (looking along the positive x-azis toward the origin) through the
angle 0 = 3w /4.

(a) Find the 2'y'2’'-coordinates of the point whose xyz-coordinates are (—1,2,5).
(b) Find the x,y, z-coordinates of the point whose x'y'z'-coordinates are (1,6, —3).

Solution. Let T be the rotation around z-axis and B the standard basis. Then the general form of
the transition matrix is

1 0 0 1 0 0
[T] = [[T(e1)]s, [T(e2)]s,[T(e3)]lg]=P=| 0 cosf —sinf |, P'=|0 cosf sind
0 sinf cosd 0 —sinf cosé



(a) Since 6 = 37/4, cosf = —/2/2 and sinf = 1/2/2. Hence

1 0 0 ~1 -1
0 —v2/2 V2/2 2 | =] 3v2/2
L0 —v2/2 —v2/2 || 5 | | -1W2/2 ]
(b) Now we use P.
1 0 0 1 1
0 —v2/2 —2/2 6 | =] —3v2/2
L0 V2/2 —v2/2 | [ -3 ] | 9v2/2

oobO0o0ob Ooo0obOoobooboOoOoobooOOoobOoobOoobOocoboOoOoooOobOobOOoOobOOoobon
obooobooboooboooooooobooobooobooooobooooOoooboobooboooooooboooon
O0000D00000000D0O0Example 4, Example 5 0000000000000 DO0O0OO0O0OO
U000 2-000y-00-00000000000000000000DOO0O0DOO0OOOOOODOOOO
00000000000000 (Rotation) O OO (Reflection) 0000000000000 0OOOOOO
gboooooooooooooboooobooobooboooOoobooOoOoboobOooboobOooboOoDn
gooboooboobooobooobboooboooooooobooboooooooooobooooobooon
booobobooboobooooooboooooon

6.6.15 Ezercise 6.6.1/ states that a 2 X 2 orthogonal matriz A has one of two possible forms:

| cos® —sind cosf sinf

o [ sinf  cosf } or A= { sinf —cos@ }
where 0 < 6 < 27.

(a) Use the result in Ezxercise 14 to prove that multiplication by a 2 X 2 orthogonal matriz is either a
rotation or a rotation followed by a reflection about the x-axis.

(b) Show that multiplication by A is a ration if det(A) =1 and that a rotation followed by a reflection
if det(A4) = —1.

Solution.

(a) Clearly the first matrix is a rotation through an angle . On the other hand

e e ][ S][SE) WS

The last matrix is clearly a rotation through an angle —8.

(b) This is clear because two matrices above are characterized by the value of det(A), and the det(A) = 1
for the first matrix and det(A) = —1 for the second.

2000000 Exercise 6.6.140000000000000000000O0DOOOCO0OOOCODOODODOO
uobobooooboobooooboooboob «-oboboboobbooboboobooooooooooooo
goobobooooooobbooooubbbooobob b bbb bbb og
gogooboboboooobooobbooobooodboboooobboobbooobbobboo
O000000D00D0O0O00Oa rotation followed by areflection 00000000000 D0O0OCOOOO
oooboooooboooboobooobooboooboboooobooooooboooobboobooooooooboooon
uboobOoboooobooooboooo
gooobbooooobobboooobboooobbuooobbbooUbboooUbLbbooo
000000000000 00000000000000000http://www.math.odu.edu/ bogacki/cgi-
bin/lat.cgi, http://wims.unice.fr/wims/, http://www.quickmath.com/ 0 O 0 O O O Gram-Schmidt O O
obboobOobOooooboboooboobobooobOoboooobobo0oo0o0obOobn0dnldmagma
(http://magma.maths.usyd.edu.au/calc/) OO0 O0OO0OO00O00O0O0OOOO



6.6.9 Let a rectangular x'y'z'-coordinate system be obtained by rotating a rectangular xyz-coordinate
system counterclockwise about the y-azis (looking along the positive y-axis toward the origin) through the
angle 0 = /3.

(a) Find the x'y'2’'-coordinates of the point whose xyz-coordinates are (—1,2,5).

(b) Find the x,y, z-coordinates of the point whose x'y'z'-coordinates are (1,6, —3).

Solution. Let T be the rotation around y-axis and B the standard basis. Then the general form of
the transition matrix is

cosf 0 —sinf cosf 0 sinf
[T =[[T(e1)]s, [T (e2)]s,[T(es)]g]=P=| 0 1 0 , Pt = o 1 0
sinf 0 cosf —sinf 0 cosf

(a) Since 6 = /3, cosf = 1/2 and sin @ = v/3/2. Hence

1/2 0 V3/2 ~1 (=1+5v3)/2
0 1 0 2

2
—V3/2 0 1/2 5 (5+V3)/2

(b) Now we use P.

0 1 0 6 | =
V3/2 0 1/2 -3 (=3+1/3)/2

1/2 0 —v3/2 1 (14 3v3)/2
6



Diagonalization
Definition 1 A square matrix A is called diagonalizable if there is an invertible matrix P such that
P~'AP is a diagonal matirx; the matrix P is said to diangonalize A.
Theorem 1 (7.2.1) If A is an n x n matriz, then the following are equivalent.
(a) A is diagonalizable.
(b) A has n linearly independent eigenvectors.

Proof. (a)=(b): Let P = [py,Ps,...,D,] be the invertible matrix with ith column p, such that
P7YAP = D = diag(\1, A2, ..., \,) is a diagonal matrix. Then AP = PD and

[Ap,, Aps, ..., Ap,] = A[p1,Ds,...,p,] = AP =PD = [p,ps,-.,p,|diag(A1, A2, ..., \n)
= [Alpla A21)2a ey >‘7lpn]

Hence Ap; = Mpq, Apy = Xapsy, ..., Ap,, = \pp,,. Since P is invertible, {p;,p,,...,p, } are linearly
independent. Therefore A has n linearly independent eigenvectors.

(b)=>(a): Suppose A has n linearly independent eigenvectors py,ps,...,p,. Let A1, Aa,..., A, be
corresponding eigenvalues, and P = [py, Py, ...,P,]- Then P is invertible. Let D = diag(A1, A2, ..., An).
Then

AP = [Apy, Ap,; ..., Ap,| = [\ipy, APy, - .-, Anpy] = PD.

Therefore P~'AP = D and A is diagonalizable. [ ]
Theorem 2 (7.2.2) Ifvy,va,...,v; are eigenvectors of A corresponding to distinct elgenvalued Ay, Aa, . .., Ak,
then {v1,va,...,vk} is a linearly independent set.

Proof. We may assume that {vi,vs,...,v,} is a linearly independent set and {vi,vs,...,v,41} is a

linearly dependent minimum set. Let
€11 + Uy + -+ Cr 1V = 0
Then by applying A on both hand sides, we have
CIA1V1 + AoV + - -+ Crp1 A1 Vg1 = 0

Hence we have

a(M = Ap)vr+ -+ (A — Ag1)v, = 0.
By our assumption, ¢; = ¢z = -+ = ¢, = 0. Thus ¢,410,4+1 = 0 and ¢,.41 = 0 as v,41 # 0. This is a
contradiction. [ |

Corollary 3 (7.2.3) If an n x n matriz A has n distinct eigenvectors, then A is diagonalizable.

Example 1
a1 a12 a3
A= 0 a2 a3
0 0 as.3

If a1,1,a22,as3 3 are distinct, A is diagonalizable.

Example 2

A—

S > =

A 0
0 1
0 A
Then the characteristic polynomial det(t] — A) of A is (t — \)3. Hence eigenvalue is \.

0
M-Azx=|0
0

OO =

0
1
0

Then « = [t,0,0]7 and every eigenvector of A is a multiple of e;. Hence A is not diagonalizable.



Definition 2 If A\g is an eigenvalue of an n x n matrix A, then the dimension of the eigenspace corre-
sponding to Ag is called the geometric multiplicity of A\g and the number of A — Ay appears as a factor in
the characteristic polynomial of A is called the algebraic multiplicity of A.

Theorem 4 (7.2.4) If A is a square matriz, then

(a) For every eigenvalue of A, the geometric multiplicity is less than or equal to the algebraic multiplic-
1ty

(b) A is diagonalizable if and only if, for every eigenvalue, the geometric multiplicity is equal to the
algebraic multiplicity.



Solutions to Homework 4

7.1.12 Find the eigenvalues and bases for the eigenspaces of A% for

-1 -2 -2
A= 1 2 1
-1 -1 0
Solution.
A+1 2 2
chara(N) =M —Aj=] -1 X=2 -1 [=X-X-A+1=M\-1>2\+1).
1 1 A
Let _
-1 -1 2 -1 -1 2
v = 1 , Vg = 0 ,vg=| —1 |, and T = 1 0 -1
0 1 1 0 1 1

Then {vy,v2,v3} is a bases for the eigenspaces of A and A?°. Moreover,

10
T'AT =10 1 0 | =D, T'A¥T =D, A* =TDT"! = A.
0 0

Note.

1. ADOODOO (characteristic polynomial) D000 OOchary(A\) DO0O0O0O0O0O0O0O0OOOOOODO
goooooobooooooobooooaNOObOOoO0DDOO00ODbOO0 x20¢t00DOOOOOODO
000000000000 0000Ochara(A\) =[AI—-A0000000NODOODOOOOOO
v00 Av=) v 000000000 »0000000000O0000O000O00OMNI-Av=0
ooooboooooog

AN 000000000 (AW -Az=0000000 100000000

O000000000MN-AOOO0OOOO (notinvertible) OO O0OOOOOOdet(AI—A) =00
goooo

A OD00000000O00Odet(N—-A4)=00000

0000000000000 0000000000 chara(A\) =AM -A0D000O00OOOOOOO
0000000000000 |A-MN|000000000000000 A-XM=-(M-A) 00O
000000 -100000000000000jA=-XM|=(-1)"AXI-A/0000000DO0O0OO
000000o0o00oUo0oU0o0oUoOoUdON —A|0DOO0OODOOO0 100000000000
0000ooooooooo-A000OoooaMN -AQ0Q0ODOOOOOCOOOOOOOOOOOO
|[A-A| 0000000000000 000000O00O000OO0DUO0OUODOOUOOUOLOO
0000000000000000000O0Ocharga(A\) =M —-Al0000000O0OOOOOO
ooooooobooooo

2. 0000000000000000000000O000O0O0000 chara(A\) =[N —Al 0000
O0OD0O0OD NODODDODDDAv= ) 00000000 v#£00000000000000000O
ubogoboabooboboboobobodgbouoooaboboboobuooboboobaban
obboobOobooooobobooooboooooobooooboboooooboooon

Inon-trivial solution, i.e.,, 00000000000 (homogeneous equation) 000000000 =00000000000
xA0000000000000000000O0O0O0O0OOOO0



.0o0obobOoooobb 10 -1gbooobooboobooobboobobooooobooobooooobO
000000000000000 eigenspacedV(Ao) ={v| (Al —A)v=0} 0000 B=XI—-A
O00000Bz=000000000000000000000000000O0MN OOOO0OOO
O00dimV(A)>100000000000000000000000O00O0O0O0OO0OOOOO
0000000000000 000000000000000000dimV(N) ODOODOODOODO
OO0V (A) O MNI—AQO Nullspace 0000000000 nullity 000000000n0O00O A
O0000O0000n—-rank(A/ —A) 00000 O0O0OO00OOO0OOOOOO0OO0OOOMNI-A
OO00OOrank(MN/ —A)00000O0OO0O0O00O0OO0OOO0OOOCOOOOODOOOOODOOOOO
uboooooboooooo

. o=100000

1+1 2 2 2 2 2 1 1 1
Ml —A= -1 1-2 -1 (=] -1 -1 -1 |—1]0 0 O
1 1 1 1 1 1 0 0 O
000000000000 rank(NI —A)=10000000
-1 -1
Vi)=<s| 1 |+t| O s,t € Ry ={svi +tvs|s,t € R}
0 1

O0o0ooooooooo {v,v.} 0000000000000 OOOOOOOOOOOOOOOO
Ops0bobbOibdoooboobObObOOobDOobOoOobOOobOobOoOnO

. Xo=100000

-14+1 2 2 0 2 2
Ml — A= -1 -1-2 -1|=|-1 -3 -1|—
1 1 -1 1 1 -1

O O =
o = O
O =

00000 rank(\l —A)=20000000
Vi-)=<u| -1 u€ R ) ={uvs|uec R}

000000000 ooo {vs} 000000

.000000{v,,ve,vs} 0 AODDOUOOOUOOOOOOOOOOOOOOOOOOOOOOO
000000000000000 A®00000000000000000000000 Av = Av
00000000AAv =X MAv=)v 0000000000004 =X\Nv 0000000000
000XNO0O N O0O0O0D0O0O00000000000000000000

.0000000000000000000000000000000T =v,ve,v3] 0000000
O000wv,ve,vs 00000000 1,1, -10000000000000000O00C0 Avy = vy,
Avg =v9, Avs=—v; 0000000000000

1 0 0 1 0 O
AT = Alvy, vy, v3] = [Avy, Avy, Avg] = [vg,v2,v3] | 0 1 0 =TD,000D=1|0 1 0
0 0 -1 0 0 -1

000000700000000000007T0000 T-'AT=D00000000O0 (T71AT)® =
D®¥» =pO000000000000T YATT'AT---T7'AT OO0 T-'T0 100000000
000000000 DO0O00O0 10 —-10000 000000020000000000M000
000 A =7D7-' 0000000000000 TDT-'=A00000 A =TDT"'=A0
000000000 000000 1, -1000000000000000000000O0000O0OO0
00000000000000000000000000



7.2.2 Let

S w o
I R

(a) Find the eigenvalues of A.
(b) Find each eigenvalue \, find the rank of the matriz A\I — A.
(¢c) Is A diagonalizable? Justify your conclusion.
Solution.
(a) chara(\) = (A —5)(A — 3)% Hence A = 3 and 5 are the eigenvalues.
(b) rank(3] — A) =1 and rank(5] — A) = 2.

(¢) A diagonalizable. By (b) the dimension of the eigenspace of 3 is two and 5 one. Thus A has a basis
consisting of eigenvectors.

7.2.22 Let

Qo
—_

Show that:
(a) A is diagonalizable if (a — d)? + 4bc > 0.
(b) A is not diagonalizable if (a — d)* + 4bc < 0.
Solution.

(a) If (a — d)? + 4bc > 0, the characteristic polynomial of A has two distinct real roots. Hence A is
diagonalizable.

(b) If (a — d)? + 4bc < 0, the characteristic polynomial of A has no real roots. Hence A is not
diagonalizable (as a real matrix).

Note.

1. 000000000000(a—d)?+4bc<00000000000000D0D0O0000OOOOOO
gbobobodobooooboboobuobboobuooboobooboboooboboobobob
Oo0oooOoO0ooOoOoO0oO0ooo00o0obde=d=0,b=1,¢c=-1000000000O0
000000000 A+10000000000 v-10 —/~-1000000000000000
goooooon

1 1 1 1 v—1 0
u1:|:\/j1:|au2:|:_\/j1:|yU:[ulau2]:|:\/j1 _\/j1:|7D:|: 0 _\/_*1}
000 w,u, 0000000000000 AU=UDO0O0 U'AU=D 00000000000
ogdod

2. (a—d)?+4c=000000000000000000000000000000O0D00O00OOO0
ooooooOooooooobooD yoooobooooboooooooooooooobooooo
00000000UAU =X 000000000000 A=XUIU'=XI00000000
0000000000000 00000000000000(a—d)2+4bc=00000MXNI000
bboooooobobobobooooooobobobooob 20000000000002x%x2
ooooboooooobooooog

3. 00000 «00000000000D0D0DO «00000000 geometric multiplicity = algebraic
multiplicityD0 0000000000000 CO0O0O0O0O0OODOO0OOODOOOOOOO0O0O0oon
Ooooooooooooooooooooo



Solutions to Homework 5

7.3.3 Find a matriz P that orthogonally diagonalizes A, and determine P~1AP.

a_| 6 2V/3
Tl2vs 7|
Solution.
P A=6 —2v3 | 40 \2 L _
CharA(/\)—‘_Q\/g \_7 =A=-6)A=T7)—12= ) 13A+30= (A —3)(A—10).
For A\ = 3,
3—-6 —2v3 1 2/V3 [ =2/v3 | normalization =~ 1 [ =2
eyl o I FE el B S R IV
For A =10,
10—-6 —2v3 1 —V3/2 v3/2 ] normalization 1 V3
- , Vo = — Dy = —= .
—2v3 10—-7 0 0 1 VT2
Hence /3
B 1 [ -2 3 s [3 00
P—[php?]—\ﬁ{\/g ], and P AP—[0 10]. ]
Note.

1. 00000 AO0O0OOOODDOODDOOODOOODOOPTAP=D (DO0O0O0O0O)000OO0O
000 PO0O00OOOO0AT=A0000000000 (symmetric matrix) 0000000000
0000000000000000000 PfP=7I=PPT 000000000 O0O0OOOOOO
OO0 pOO0ODOOOODOOOD EucdidODOOOOOODOOOODODO1000000O000OO
obooooboobooooobobooooobobobooboobooon

2. A000000Au=)u, Av=po 00000000 wTA=uTAT = (Auw)" =T 000000
gooooo
Mulv = ul Av = u” (pv) = pu’v

000000«wTv 0 1x10000000000000000000000A#x 000 u-v=0
gboobOooooboooooobooOooboooboobOOooooboooboOoobooboooobooon
gboooooo

3. 0000000000rnxn 000000 nO000000O00O0O0O A,A,...,A, 0000000DO0O
000000000 wv,va,...,v, (00 Avy = Moy, Avy = Aavs, ..., Av, = \v,) 00000
J0o000000000o00oO0oDO00o0ooooooooDo0oDO00ooUOoDoUDoOoOooon
(normalize) O O pi:Hé—i”vi(izl,Z,...,n)DDDDDDDDDDDDDDD ooooooooo
0d0D00d000o00oo0oo0DOo0o00o0ooDo0oo0oOoooOoooooDoooOoo
000dbDo000oooo0Do0000oooo0oooooooooooooooooOoooDO
oooomoooo {p;,py,..-.,p,} 00000000000 0CO0O0OOOOOP =[p1,Pa,---,Py)
O00000 diag(A,A2,...,A,) 00000 M,N,..., A, 000000000000O00OO

AP = [Ap,, Ap,, ..., Ap,] = [MDP1, AaDs, - - ., AnD,,] = Pdiag(A1, A, ..., Ay)
00 PTAP = diag(A1, Ma,...,\,) 000000

4. 00000000bOO00OO0O0OO0bOO0O0obOOoO0bOOO0OOO0obOOo0OOOobOOoOobOoOoobOOooOoboOon
uoboooooobooobooboobooboobooboooooobooobooboooooooon
0000000000000 0ODO00O00DoO00oDD Gram-Schmidt 00000000 OO
oooobooooo



8.5.12 In each part, find a basis for R® relative to which the matriz for T is diagonal. In the following
V(XA) denote the eigenspace of T for .

Solution.

T1
T2
T3

Z1
X2
€3

T
Hp)
z3

T is diagonal.

(a) Since T ([ T2

by computing T'(e1), T'(e2), T'(e3) or more precisely [T'(e1)]s

Since chary (A

= Span

and

x1
€2

z3

[ —2x1 + 22 — 73

X1 —2332 — X3

—X1 — T2 — 2$3

—XT2 + T3

—x1 + I3
xr1 + 2o

4y + 23
2x1 4+ 320 + 223
1 + 4w

72%1 + Ty — 3
= T, — 209 — T3
—T1 — T — 23?3

[T]5 = [[T(e1)]s, [T (e2)]s [T(e3)]5]

—x2 + X3
—X1 + T3
xr1 + o

V(1) = Span

4r1 + x3

2x1 + 3x2 + 223

X1 + 4I3

] |

Let B = {ej,e3,e3} be the standard basis and B’ a basis relative to which the matrix of

. Hence, [T5

—_

. Hence, [T =

o W o

-2
-1

is independent of the choice of the basis, charr(\) =

D

[y

; [T'(e2)]s
1 -1
-2 -1
-1 -2
A+ 3)%

IR

. Now charp(\) =

|

. Now charr(\) =

(A -

1
0
1

, [T(es3)]p we find

[}

1)2(A+2).
(A=5)(A—
-1
0
1



Note.

1. 00000000000000 (standard basis) 0000000000000 OOOOOOOOO
00 ()0 (b) 0000000000000 000000000000000000D000O00(a)
000000V ODoo0oo0o v3)oooooooooUooUooUooooooooooooooo
0000ooo00ooop 000000000000 OovV@) 0000000 oooooooooo
0000000000000000000 ve,v3 0000005 =[-1,2,1]T =-vy+2v3 0000
O00Ov. 0000000 00000000000 0000 PODOOOOOOODOOODODODOO
gbooboooboobooboooobooboboooobooboobooboOooooboooOooboon
ooooooboooooboon

-1 1 =1

V3 V2 6 0 0 0
P= ?§ ? ég P MTgP=|0 -3 0

AV 00 3

B 000000000 POOOO (POO0DOODOOOODOOOODOOOOOOOOOOOOOO
00000o0o00op 0000000000000 00000000O0000000O00OoOO0OOn

O

2. 00000000000AO0O0O0DODOO T-'ATO000000000000000O0O0O000O000
O0o0O0OC0O0OO000O00O0O00000O0UDOO0O p4340 p.441 O Discussion Discovery OO
gboooooooooobooogob

charp-140(\) = det(\ — T YAT) = det(\T 1T — T~ AT)
= det(T (M — A)T) = det(T ™) det(A — A) det(T)
= det(T1)det(T) det(A — A) = det(I) det(A] — A) = det(\] — A)
= charyg()\).

000000 T-'AT000000000000000O0000OO0 A0DODOOODOOOOOOO0
000000000000000000000000 TOOOO0O0OO0 77'AT000000000
goooboooobOoobooooboboooooboon

3. 0000Db0O000ooooboOJoO000ooobO 1000000 on0b0bOObO0O0O00ODOO
0000 «00D000000OD00 MDO0O0 A=(e—b)I+bJOO0O0OODOOOOOOJOOOOO
gooobooooobooboobooooboboobooJooooobooboobooobooboboOoDbo
gbobooooobooooobobooooobobooboog

() JOOODDOOOOOOOOO nO00000000000 1000-0000000 40
000 Jj=nj 0000000000r0 JOOOOO v, =4 00000000000
0000000000000000000000000J 0000 10000 Nullspace O
000 n—100000000Nullspace 0000000000000 wv,,...,v, 00000
Jus=Jus==Jv,=00000000000v,=e;—¢; 0000000000000
00000000000 T =[vy,vs,...,v,] 00000

JT = Jwy,va,...,v,] = [Jvy, Jus, ..., Ju,] = [nv1,0,...,0]
= [v1,02,...,v,]diag(n,0,...,0) = Tdiag(n,0,...,0).
000000000 D=diag(n,0,...,0) 000007 'Y Jr=D000000000O00O0J

Oo0oobn-000000000 1000000000 O0DOO00O0ORn-10000000000
OOchar;(\) =(A—n)A""1 000000

b)) A=(a—0)I+bJ 0000000 TO0O00 T-'ATO0O00O0ODOCO
T'AT = T Y(a—b)I+bJ)T = (a—b)T " IT+bT'JT = (a — b)I +bD
= diagla+b(n—1),a—0b,...,a—0).

00000000000AO0 JOOODOOOOOOO0O000000 a+b(n—1)0000 100
a—b0000 n-10000000000000 chara(A) = (A—a—b(n—1))(A—a+b)"!
00000000000000000000



(¢ ADDODOOOOOOOOOOOOOO JOUOOUDOOOOUOOUOOOOODODOOOOoOOooOoOo
oobOoOooobOoooboooobooobooO0oobobOo0oubony, 000000 v,,...,v,
gobogobOoOdw,,...,v, UO000OO0O0O0O0O0O0O0DOOOOOOOO0OOOODOOODOOO0OO
oooooo0O0O0O0OO0OO000000000 T000000DOADQOOOOOOODODOOOOO
goooooboooobobobooobooboooooDo

11 1 1 1
1 -1 0 0
1 0 -1 0 0
=11 0 0o -1 0
o B
VAVIORS VAVO RS VAV RS VAVAP I 1/y/(n—1)n
Iyn —1/vV2 1/V6 1/V12 .- 1/y/(n—1)n
p_ | Uvn 0 -2 112 - 1/y/(n—1)n
1/vn 0 0 —3/V12 .- 1/y/(n—1)n
o e - A py—

OooooooooooopPOO0O0 TOO vy,v2,...,v, O Gram-Schidt OO0OO00OOO000O
oono



Solutions to Homework 6

10.6.12 Find a unitary matriz P that diagonalizes A, and determine P~'AP.

2 i TV
A= -7 2 0
o 02
Solution.
A= -5 u
charg(\) =det(\[ —A)=| -5 A=2 0 =A=-1)A=2)(A=3).
- 0 A-2
2 _
N _io_1 1
V2 V2 2 2 2
pP— f% % 7% ,and P71 = P* = 0 % % . Hence
- 5z 43
i 11 i i i i
~Vi T2 2 2 5w %z 0 -5 100
PrAP=| 0 S o -5 2 0 3 5 3 |=]020
I S | i 0 9 1 1 1 0 0 3
V2 2 2 2 2 V2 2

10.6.23 Let A\ and p be distinct eigenvalues of a Hermitian matriz A.
(a) Prove that if @ is an eigenvector corresponding to A and y an eigenvector corresponding to i, then
x* Ay = \x*y and x* Ay = px*y.
(b) Show that x*y = 0. Hence x -y = x*y = 0.
(b’) If A is a normal matriz, then eigenvalues from different eigenspaces of A are orthogonal.
Solution.

(a) First note that by Theorem 10.6.5, the eigenvalues of a Hermitian matrix are real numbers. Since

Az = Mz, \x* = \x* = (Ax)* = x* A*. Hence puz*y = =*(uy) = * Ay = \z*y ]
(b) By (a), (A — p)x*y = 0. Since A and p are distinct, z*y = 0. [ |
(b’) Let Az = A\ for some nonzero vector . Since A is normal, ATA = A*A = AA* = AAT. Hence
0 = |Az —\z|? = (Az — \x)T (Az — \z) = (T AT — \aT)(4AZ — \%)

T AT Az — XaT ATz — 2aT Az + |\*z"z

= xTAATZ - aT ATz — \aT Az + | \*x"Z

= 2TATATZ - NaTATZ — AT ATT + | \*a"®

= (TAT —Xz")(ATz - \7) = (A*x — dx)T (A*x — dx) = || A"z — dx|°.
Thus A*x = Ax. Hence z*A = A\x*. Let Ay = uy. Then

pely = pr*y = x* Ay = A\x*y = \xTy.
Hence if A # p, then -y = 27y = 0. [ ]
000 AD0D0O0O0OODOOOUO0OOO0ODOOO(G) DODOD0OOOO0DO0DO0OODOOOOoOoOooOoOOOO
(A*=A)0000 (A44*=A*A)000 (b0 (b)00000000000000000
00000000000 ADDODOODAv=X wO00000A*w =X 000000

00000 A0 nO0000QCOCODO0O A¥ADDODDODODOOOOOOOOOA*ADDOOOOOOO
ooo



Note.

1. 00000000000 A, BOOUOOO AB=BAOOOV(A)O AODQOOO AOOOOOOO
O000000000weV(\)UDOOO Av=Xx0 0000000000

ABv = BAv = B(\v) = ABv
000 BveV(\)OOOODOBV(AN)CV(\)DOODOD
T :V(A) — V(A) (v+— Bo)

00000 (linear mapping 000007, 0 V(N\) ODODOOOOODO n, 0000000 »000O
O0veV\N)UOOODODODAv=X 00 Bv=pwvO00OUOOv0 A0 BOOOOOOUOOOOOODO
oo0oodopDAO0 pODOOOODOODOOODOOOODOOOOOODODOODOOOODOOOO
00000000000 AD BUOOOOOOOOODOODODDODODODODODODODODODOODODOOUOOO
oono

A, BOOOO (e, AB=BA)OU0OUO0OUOOUO0OUD0O nO0000O0O0OODOOOA,BO
goooooooboooobogoooboooooooboooooboboboooooboo T
000007T-'AT O T-'BT000000D0O0O0O0O0OOOOOOOOOODOOOO

2. V=C" (00O V=R"YO0OODODODOO WOOOOODOO AOnDD0O000O0O0O0AWCW
O0000AweW OOODOD weW ODOODOODODOOODOA*WLtCWLOOOOV=R*"0OOO
0A*=AT)DD00veW+0OO00O0D0D0D0 weWDOOO AweW O0OOODODO

A*v-w=vT Aw = vT Aw = 0.
O0D00AveWOO0OOoo

3. A000D000D000AND ADDODODODOV(\)D ADDOO AODO0D0O0DOODODOODOO0 1
00 A*V(A) Cv\NOOO0 200 AV CVN)LE V=V)+VvN)too vianvV(a)* = {o}
00000000 Av=pwlv=u+w,ueV\),weV\NO0O0DOO

pu 4 pw = pv = Av = Au + Aw = \u + Aw

00 (u—Nu=Aw—pwe V(N 0000 V(A)OODODODODOO0OO0 00000000004\
0000 vw=0000000000weV(\)+00000000MADODO0OOOOOOOOOOO
00000 V(A1 00D0O0000000000ADO0O0O0O0000000000000000000
() DDDOOO0OO0OO0

Chapter 10. 10 Suppose that A* = —A.
(a) Show that iA is Hermitian.

(b) Show that A is unitary diagonalizable and has pure imaginary eigenvalues.

Solution.
(a) Since (iA)* = iAT = —iA* = {A, iA is Hermitian. [ |
(b) Since A is Hermitian, ¢A is diagonalizable by a unitary matrix U. Then U*(¢A)U = D for some
diagonal matrix D. Hence U*AU = —iD. Since iA is Hermitian, eigenvalues of iA is real by
Theorem 10.6.5. Hence all diagonal entries of D are real, and all eigenvalues of A which are the
diagonal entries of —iD are pure imaginary. [ ]
Note. Since A* = —A and A commutes with —A, A is a normal matrix. Hence A is unitary diagonal-

izable. Suppose Av = \v for some nonzero vector v. Then A\v* = v*A* and
“Av|]? = —Mv'v = —v*A*v = v* Av = v* dv = \|v|].

Therefore A\ = —\ and \ is purely imaginary.



Solutions to Homework 7

7.2.25 Indicate whether each statement is always true or sometimes false. Justify your answer by giving
a logical argument or a counterexample.

(a) A square matriz with linearly independent column vectors is diagonalizable.
(b) If A is diagonalizable, then there is a unique matriz P such that P~ AP is a diagonal matriz.

(¢) Ifvy,vq, and vs come from different eigenspaces of A, then it is impossible to express vs as a linear
combination of vi and vs.

(d) If A is diagonalizable and invertible, then A~1 is diagonalizable.
(e) If A is diagonalizable, then AT is diagonalizable.
Solution.

(a) False. The following square matrix has linearly independent column vectors with eigenvalue 1. So
if it is diagonalizable it is similar to the identity matrix, which is impossible.

A= { é } } and T'AT #Tas A#AT=TIT™!
for any invertible matrix 7. Since rank(l — A) = 1, the dimension of eigenspace corresponding to
eigenvalue 1 is 1. Hence A is not diagonaliable. [ ]

(b) False. If T=YAT = D is a diagonalization, T can be replaced by ¢T with ¢ # 0 as (¢T) "' A(cT) =
T—'AT = D. [ ]

(¢) True. It is because eigenvectors come from different eigenspaces are linearly independent. If vz =
avy + bvg, then avy + bvy — v3 = 0. Hence v3 =0 and a = b= 0. [ |

(d) True. Let T~YAT = D be a diagonalization. Then T-1A~!T = D=1, In particular, all eigenvalues
of A are nonzero and A~! is diagonalizable by the same matrix that diagonalized A. ]

(e) True. Let T~YAT = D be a diagonalization. Then TTAT(T-1T = DT = D. Since (T~ )T =
(TTY"Las T7'T = I = TT! implies T (T~ = I = (T~HTTT. In particular, all eigenvalues
of A are same as that of AT and A7 is diagonalizable by T7 if T diagonalizes A. [ |

Note.

1. (a) O linearly independent column vectors 000 phrase 0000000000000 0O00OO0O
O0nxnO0 AOnO00D0000000O00D0OOOeigenvectors) 0000000000000
0000000000000 w;,vs,...,0,, Avy = \jv, Avs = Avs, ..., Av, = \,v, 00000
000000000000 T = [vy,vy,...,v,] 000D = diag(A,N\e,...,\,) O0O0O0OT OO
00000000000000000000 7000 (invertible) 000 T-'AT=D 00000
oo0oooooooDAQ0O0U0DOOOOOO0OOODADOUODOOOOOODOOUODOODOOO
00000000000 o0D0A0OODOODDO0O0D0O0OD0D0DAOD DO0O00Av=0=v=0
godoooboooooboooooboooboooooDboooobDoooooD obbooooooa
0000000000000 000000000000 chary(A\) 0O A=000000000000
0 # chars(0) =det(0- I — A) =det(—A4) = (—1)"det(A) OO TOO0ODOO0O0OO0OOdet(4) #0000
ooooooooooooo

AO000OOODODOOD «A000 «A0O0D0O0O0OO0OOOOO



2. () 0000000000 10000 2000000000000000000OOOOO0OO nO
oobooooobOoboooboobOobooobooboobooooboon>20000000000
O00Jnr,A\)O0O00O0O0O0OOCOOOO

A1 0O --- 0 07 o -1 0 - 0 0

0 A 1 -~ 0 0 o o0 -1 --- 0 0
JmN =1 T A —JmN) =

0 -+ -+ X1 0O -+ -+ . 0 -1

0 - e o 0 N 0 - - . 0 0 |

000 rank(AM — J(n,A))=n—10000J(n,A\) 00000000 ADO0ODOOOODOOO1
00000000-,>20000000000000000

3. (h)0000D0000000000000000000 POOOOOODOOOOOO00O0O0000
000000000000000PG,j)0 00000 J0400 ;0000000000000
000PG,j) 000000000000 j00000000000000000400 5000
00000000000 PG,j)=P3G, ) ' 00000000000000000P-'AP=D0O
000 P(,j)"'DP(i,j) = P(i,j)DP(i,j) 00000 DO 0000, 00000000000
000000000 P =PP(i,j)0000 P-'AP00000000000000000O000
4,j 0000000000000D 0000000000000 0000000000000000
00000 POODDOOOOOOOOO0OO00P(;¢)0000000000000c¢£000000
P"=PP(i;c) 0000000P/-'AP’ 00000000000000000000000000
00 P(i,j;c) 00000

4. PT'AP=D=P~'AP 0000000D0O00O0DODOOOOOOO DP'P =P 'PDOOOO
000000 POOODOOOODOOOOOOOOOOP P O0ODOOOOODOOOOODODOOOO
PO POOO0OOOOOOOOOOOOOODOO QD=DQRUO0O0O0O0O0O0O0O0OOO0OOOOO
gbooboobooooboboooooo

5. (¢) 0000000000000 DOOO Linear Algebra IT O Advanced Linear Algebra 000 O
ggodobobobododooooobbbbooooobbbboooo

Vioooooooow,,Wy,..., W, 000000000000 00000
Wi+Wo+ -+ Wy ={wi +wo+ - +wy, |w € Wi, wy € W, ..., wy, € Wy}

0oooobooboooboboooooboboooooooboooobobobooboobovooo
ooooooooooogw,,W,,..., W, O00oonooooodV =wy+We+---4+ W, OO
O000v=w;+ws+:+ Wy, (W € Wi, ws € Wo,...,w,, e W,,,) 000000000 0OODO
Oo0ooDooooooovo Wy,Wy,...,.W,, 0000000V=WeWee---W,, 00 V=
Wi+Wot---4W, 000000000000000Ov = wy+wa+- - +w,, = w) +wh+---+w',
000 wy = w), we = wh,...,w, =w, 0000000000000D000000¢#500
Ow;,-w; =00000000000000000000V =W 11lWel---1W,, 0000000
ooooooboooboobooooooobbooobooobobooboooooboob00w;, wa,...,w, O
0000000000000 W, =Span(w;) 0000 0wy, w,,...,w, 000000000000
Wi+We+---4+ W, 00000000000DOO0O00DODOOO000DOO000ODO0ODODOODO0OO0
oo bL bbb bDbboD
goooboboooboooobooovio nOob00bUO00O0ObDUO0O0Ow,v9,...,v, 000
0000000V = Span(vy) & Span(vs) & -+ @ Span(v,) 000 000000000000000
000wvy,vy,...,v, 000000000000V = Span(v;y)LSpan(ve)L--- LSpan(v,) 0000
oooobood

6. 000n 00000 AODODOODDOOOO A,Ag,...,A 000000000 chara(A) = (A —
A)™(A—A)™2 .- (A—A)™ 00000 000000000000000000000000
0000000000000000000000000000000000@MO0000000W, =



Vi) ={veV]|Av=\v} 0 A0 UO0O N 0OOODOOOOOOOOOOW, 0 VOOOOO
oooow,+WwWe+---4+W,, 000000000001 <dimW;<m; 000000000000
n=mi+me+---+m, 000000000000 O0dimW,;=m; 00000 ;00000000
oooagv =w1+We+---4+W,0OO0D0O00O00D00000D00OO00O\; O algebraic multiplicity
m; O geometric multiplicity dimW,; OO0 000 ; 0000000000V =W eWed---d W,
gddoodoboboooudbobouoboooobouoobuoouoobooon

7. 0000VoOWeW:e -0, 000000000V OOO0DO0O0O00000000000000
O0000OJordan 000000000 UOOOOOOOCOOOOOOW, =4v|(MN[—A)™v=0}

00D000OW,cWw, 000000
VeWoWe oW, oWeWed oW,
DDDDDDDDWZ-DDDD A 0000000000 (generallzed eigenspace) DO O00O00O

8. (d) () 0DDOOODDADDDOOODODDODAT OOODODDOOODDAODDDOOOO
A-'0D00000D00000D00D0DO0O0D0000 A%(i=1,2,..)0000000000A4000
O0000A'D:0000000DOO00O00OO0000(T AT =T7'AT 00000000
00000000000000000AD AA0000000TO000D00D0O000DATO AD
00000000D0000000D000000 TOOODOO0O0O0O0O00O0D0AD ATODOOOO
000000000000 D000D00000000000D000000D000000

7.2.26 Suppose that the characteristic polynomial of some matriz A is found to be p(A) = (A — 1)(A —
3)2(\ —4)3. In each part, answer the question and explain your reasoning.

(a) What can you say about the dimensions of the eigenspaces of A?
(b) What can you say about the dimension of the eigenspaces if you know that A is diagonalizable?

(¢) If {v1,v2,v3} is a linearly independent set of eigenvalues of A all of which correspond to the same
eigenvalue of A, what can you say about the eigenvalue?

Solution. Let V()\o) denote the eigenspace of A corresponding to the eigenvalue Ag.
(a) dimV(1)=1,1<dimV(3) <2and 1 <dimV(4) <3. [
(b) dimV(1) =1, dimV(3) = 2 and dim V' (4) = 3. [ |
(¢) The assumption states that dim V' ()\g) > 3. Hence by (a), A\g = 4 and these vectors belong to the

eigenspace corresponding to the eigenvalue 4. [ ]

7.2.29 Show that the Jordan block matrix J, has A = 1 as its only eigenvalue and that the corresponding
eigenspace is Span(eq }.

Solution. Clearly char; (A) = det(AI — J,,) = det(diag(A — 1,A—1,...,A—=1)) = (A —1)". Hence
the only eigenvalue of J,, is 1. Clearly J,e; = e; and rank(/ — J,,) = n — 1. Hence the eigenspace of J,
corresponding to 1 is of dimension 1 and equal to Span(e;). [ ]
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9.5.12 (a)(c)(d) In each part, classify the matriz as positive definite, positive semidefinite, negative
definite, negative semidefinite, or indefinite.

3 0 0 6 7 1 -4 7 8
(a)| 0 =2 0 |, 79 2], | 7 -3 9
0 0 1 1 2 1 8 9 -1

Solution. Let A be the corresponding matrix in each case.
(a) Since el Ae; =3 > 0 and el Ae; = —2 < 0, A is indefinite.

(c) Since chara(\) = A3 — 16A% + 15X\ = A(X — 1)(\ — 15), eigenvalues are 0,1 and 15. Hence A is
positive semidefinite.

(d) Since char4(A\) = A3+8X\2 175\ — 1561, the product of three real roots of char 4(\) is 175 and hence
positive, and the sum of them is —8 and hence negative. Therefore three roots are one positive and
two negatives. Hence it is indefinite. [Since chara(—11) =1 > 0 and char4(0) = —1561 < 0, we
can conclude the same as chars(z) — —oo if  — —o0 and chary(z) — oo if z — 00.] [ |

Note.

1. A0 n0000000000D0ADODDODOOOOO (positive definite) 000000000 0#
x€cR"0000 2TA2z >000000000000000 (positive semidefinite) 0 Az > 0
0000000000000 0000OOindefinite (OO0O0000DO0O00OO00O0O0O0OO0OOOOOOO
0000000 zTAz< 00000027 (-4A)2z>0000000000000000000000
gboooooaoo

2.00000000000000000e; 00O0OO0O0DAD (4,i) 000 a;, 0000 efAde; = ai;
0000000000000 DODOO0ODOAe; 0 ADDiO0D0D0DDDOOOOOO €000 aiy
O00000000D0ADDOODODODOO<elde;=a;; 0000000 000000000
indefinite 000 (0000000000000 0O0O000O0O0O0O0O0OO0OOOOOOOOO (¢)O0O
000000000 o0o0Uoo0ooooooUoooooo

. 000b0oooocob+«:0«:00000000000000DO00O00000O00O0OO0OO0O0OO0O0
00000000 OoOoooooU0ooOooooooooog

-4 7 8
|-4/=—-40000000000, —74 73’:_37’ 7 -3 9 |=1561.
8§ 9 -1

4. A0 n00000000000000000O0OOO

(i) ADDO

(i) ADDDODOOOODDO

(i) ADDDODDOOOO

Proof. (i) < (i) 000 Theorem 9.5.1 0000000000000 |¢|=1000000000
0000z Az/||=|2 >\, 0000000

DAQ0OOOO0OO0OO0OO0OOAOOOOOCOOOOOOOOOOODOOOOOODOOODOOOOO
ooom

(i),(ii) « (iii) 00000 Theorem 9.5.30000000000000000000000

A0 AUOOO KO00OD0D k0000000000000 0O0O0OO € Span(ey,es,...,ex) O
o000z 0k+1000000000CODOOOOOO0OOCODOD 0000 kKOODDOOODO
od a:kDDDDDDDDmTAm:mfAkmkDDDDDDDDDDD k0000000000000



00000000000 «7420 A, 000000000000000000000000AOOO
000 A, 000000000000000 4,00000000 0000000000000000
00 |Ak>00000 |A]>0000000000000det(T~AT) = det(T~) det(A) det(T) =
det(T1) det(T) det(A) = det(A) 000000000 T*AT 0000000000000000
000000000000000000000000000000000000000000000
00000000 ()= (#) 000000

(i) 00000000000 A, 000000000 OOO

_ An—l b _ In—l Ay_Lilb _ Anfl 0
A“[ b" c}’f)_[ o 1 HOB=1 or c—b"A1 b

0000 A=PTBPOODO00O0DO0OO0NO0Odet(A) = det(A, 1)(c—bTA;,0)00000
det(A) > 000 det(A, 1) >0000 c-b"A 2 b>00000d=c—-b"A ' b>000000
A, ,000000000BODODDODA=PTBPOOOOOODO u

5.3000() 00000200000 (i) 000000000000000000000-A000
000000000004, -37, 1561 0000000000000]4|#00000000000
0000000000 0indefinite 1000000000 0det(—Ag) = (—1)Fdet(A) 000000
000

9.5.17 Complete the proof of Theorem 9.5.1 by showing that \,, < T Az if ||z|| = 1 and N\, = 2T Az
if T is an eigenvector of A corresponding to \,.

Theorem 9.5.1 Let A be a symmetric n X n matriz with eigenvalues \y > Ao > -+ > \,,.
If © is constrained so that ||x|| = 1, then

(a) A1 > xT Az > \,.

(b) T Ax = X\, if T is an eigenvector fo A corresponding to A\, and x Ax = A\, if ¢ is an
eigenvector of A corresonding to Ay.

Solution. Since A is a real symmetric matrix, it is diagonalizable by a real orthogonal matrix. Hence
V = R"™ has an orthonormal basis consisting of eivenvectors of A. Therefore V. = V(A1) 4+ --- + V(\,),
where V();) is the eigenspace of A corresponding to A;, and for each € V, there are v; € V(\;) such
that * = v1 +vo +---+v,, and v; - v; = 0if ¢ # j. Hence

el Az (vi+vo+ -+ o) (Ao + Xova + -+ M) Aor]P 4 Aaflva|? -+ Ao

> ]| el ’

and

2 2 2 2 2
. /\1||w|2| L Aloil? 4 Aol 2+ + Al ]? /\nllﬂc! — A\, as

lzl* = llvr + vz + - vl = oa]|* + [lo2]* + - + [Jon ]|
This proves (a) by setting ||| = 1.

Moreover 7 Ax = )\, if and only if = v,, and 7 Ax = A if and only if = v;. [ |

9.5.19 Indicate whether each statement is true (T) or false (F). Justify your answer.
(a) If x is a vector in R", then x - x is a quadratic form.
(b) If T Az is a positive definite quadratic form, then so is x7 A= 1z.

)
)

(¢c) If A is a matriz with positive eigenvalues, then xT Ax is a positive quadratic form.
)

(d) If A is a symmetriz 2 x 2 matriz with positive entries and a positive determinant, then A is positive
definite.



(e) If €T Az is a quadratic form with no cross-product terms, then A is a diagonal matriz.

(f) If 2T Az is a positive definite quadratic form in x and y, and if ¢ # 0, then the graph of the equation
T Az = ¢ is an ellipse.

Solution.

(a) (T). The quadratic form can be written 23 +23+ - -+22 and the corresponding matrix representing
it is the identity matrix I,,.

(b) (T). Since (A~1)T = (A1)~ = A71, A1 is a symmetric matrix. ); is an eigenvalue of A if and
only if A\; ! is an eigenvalue of A~ as Az = A implies \"'x = A~'x. Note that since A is positive
definite, every eigenvalue \; > 0 and hence )\i_l > 0.

(¢) (F). A has to be a real symmetric matrix.

(d) (T). Since A is a symmetric 2 X 2 matrix, the eigenvalues are real. Let A and p be eigenvalues.
Then A+ p = tr(A) and A- u = det(A) and these two values are positive by our assumption. Hence
A>0and p >0 and A is positive definite. This is also a direct consequence of Theorem 9.5.3. If
A is a symmetrix 2 x 2 matrix with positive entries and a positive determinant, then A is positive
definite.

(e) (T). This is clear from the correspondence between A and the quadratic form x” Az.

(f) (F). If ¢ < 0, then there is no @ satisfies the condition. If ¢ > 0, there is an orthogonal matrix
T such that TT AT is a diagonal matrix D with positive diagonal entries. Hence by changing the
basie if ' = TTx, then ' Dz’ = 2" TDTTx = 2" Tx. If D = diag(a, 3) and «’' = [2/,y']T, then
2T Dz’ = az'? + By’? and this is equal to c. Therefore the graph of ax’? 4+ By’2 = c represents an
ellipse as @ > 0 and 8 > 0.

oono

1.7T00000000000ADO T-'AT OO0 (similar) 000000000AO0O0O0OOODOOOO
0000000000 AOODODOO T7'AT 0000000000 AODODOOOODOOOOO
gbboobooobooobooobooooooboooboobooboooooboooboobooOobOoobooon
O00000DO0o0o0ooooooooo@®s500)

2. det(T~1AT) = det(A), tr(T-'AT) = tr(A)00000000000000000000000000
0000t(AB)=tr(BA) 00000000

3. charp—147(A) = char,( )M O0O0O00000000det(T2XT) =det(X) 00000000000
0000AOOOOOOT *AT 000000000 algebraic multiplicityd 0000000000
000000000007 AT O0000000000000000000000000000O0
000000000000AO0O0O0O0OOOOOOOOOOOO

4. ADL: V-V (x— Az) 000000 (linear transformation) 00000 B = {e1,ez,...,e,}
000000000000000T AT 00000 B = {Te;,Tes,...,Te,} 00000000
oooao (LB/ = [[L(Tel)]B/, [L(Teg)]3/7 ey [L(Ten)]B/] = [[ATel]B/, [ATCQ]B/, ey [ATen]B/] =
[[T_lATel]& [T_lAT€2]37 ceey [T_lATen]B] = T_lAT)

5. 0000000A0000 AO00O00O0O0D0O000O0O0O7T'ATO000000 AO0O0O00O000
000000000000000 V) ={v|Av=X} 00000

T7'WO) ={T" v | Av =} ={w | T'ATw = \w}
00007-'000000000dimV(A) =dim{w | T-'ATw = M} 0000000

6. xcVDTy(yeV)DOODODODODOOaTAx =y"TTATy DD DOT 0000000000AD
0000000007 'AT 0000000000000 D00000000000O0O0DDO0000
000000000000 0000



