Daiequg—' ’ 2 QC}- -

Theorems 51 With te above nakction and QSSWWS,

() (g, FLP+LFL + g/ F ¢ EJP =0 (25:1<D)
where
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Tham we Powe
{(e7-07% ) (FL+LFL+12F) -

"(PHJ(QHCFL*L‘FLNG -0 FL*- 62 (LEL+12F))
- d’(eu— IL/I_.' ) E—x

= (( Q?‘— 9?5;, -—((34»1)(9‘27 -Grj;_ )) 'F‘Lz + (9?("9 :-:é)LFL
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N \ \ \ T
a3 At 3 )

| & (87 -OL)FLF) o LF i amdmdmny L

‘ ‘ , ALE"' A9a= A~ 91~ 3
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Levma 52 Withe the notedtro of Theorem S5 1 .

*_ o
ot — 8L= 94y (14 <D-2)
- e
* *
e, = —%—‘—9*‘3 (3s£sb)
8:»‘—&
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+ ei*Gm
¥
6T ~ 6
. > >
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g, = P pe_l-t((SH)G, ,—6. ) | 3’"
8* T
6(—1 ﬁ/+/9'/ 9!&) = “——-ﬂ-
—z—@"' -1-@
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Corollary 53 Ler M =(X, E) be  dEfane A%leu T
Eo, B9, . Eon. Frx xe X  wnte EL = £, (><), —

R=Rxy L= Ly F= Fx)
There  tha ‘Pb{m:yz_ Lld . '

) F‘}Q Ye SPO'“ RFRE\; PlFE-* ‘RIE#) (0$)<D~3)

Gy RE Ej* Spom ( RERE], FRE], PZEJ) (1< 529-2)

Lm) L'R’“E* 3 S?OM(RLRE”‘, R? :_E)/ ,tla T—-RPEJ\"*)
RF*E;. RFES, PREJ* RES ) (osy<p3)

(iv) pl,_gj% ¢ Spo (RIRES, 1R et PREY, FREES,
Re=), RREF, FRE]

WOWR W g

5 ) RE*) (1£3<D)
Proot .
Tmmedscte Fropd ‘ﬂﬁeoram 51, lemma 52 )

35
(Bl By ThmemS|, Lemes 52 . we Rowe o Allnoiy b -
sindlow la we. o obtel  above . e
 FIUE] ¢ Spo(LFLE], BFE]. UE)) (s=g=pige {
@y LFET € S?GA(LF’L.E; FLUES, L’“(:j”) (23 =p-1)gi+o I-
Gy RUET € Spa (LRUEY, RE?, FLEy. FLRE, LF'g), B FIE LEJ)_N

. (1sysm2)  ef %> (322D o
G URES€ Spe CLRLES, RUE), PLEY, FLFE), LFE LPELHEL LEY) |
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Leclure 21 ‘WNed, April 14 1993

Let T = (X%, E) be | Orwc'j %\’Oﬁ:ﬁ, of dj—Ome’\fer Dz2.
Fix  xeX . Bl = Efco . T=TToy
pem\\ Q%C\(‘@\AC& (‘r\np:r( X

A= R+ L+ F

=0

._9 S 3¢
L= 2, Eu—\A Eb

=0

O =
F=2 EIAE

=0

Obsove. R & w5 imvedible Cindard  REF = 0)
Se B gees sl exinl . .
Balows we Ond @ el Ve TOo
st R"Rv =y Rr “almetall " ve V.

LE»MMA 54 LET : ]—\=<X, E) dendle O"‘é %m‘f"&\-«)
stamdand onoduds. Vo e C )
Fx xe X, wute

R=Roy, L=L0v, EXF=Efey VY.
Then |
D) E’LMW “’{Q“\ Ve Moﬂx\(@) st
Ga) R =o0 f Lv=o CveV)
(b)) R'RLv = Lv - (vev)

Ay RYEIV) € B2V esi=p) (EfV=0)
-
) R ¢ MJ}(K@)

W) R e Tw)




Prost -
o) Considen +Ha erHﬂoam\aQ Qivecl Sum .
Vo= (Ker L) + (Kerl)™
Claim 1 RL(Ker L) € (Ker L)T
Bock of Claim] Pk welker )™, ond
we Ker by S |

<PRLy, w>=20
—% D *> %\ 2
_ =6 =0 7
P LRLy, wd = Ly, R*w>
= <Lv. Lw>
*:-_‘Ov

'S O Tsomov?tQ\:Am of= veclor &:}:adb&

Dr‘oo’f‘ of Claim 2 S\A_@Q% + S%;I abo ve
(Mmoo = 1-1. .
Suppo= 2y (Ker )T 51, RLv=0,
Thaw

0 = {RLV, v >
= <Lv. R®vD>
= J\Lviiz >
<o Lv =0 .
Hewmwe V€ Ker b n (Ker L)J‘ =0.

Do _proves Claim 2
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Now "R dendte the um%ug_ rcdrix e
MOTX Q@) sucth Thal
o g veKer L (1
'P\\v = { o J{ ' '
LR v i ve (Kerl)H ()
CObserve .~ (RUJ': (KerL)™ —> (ke ™

oasls by Clatm 2 )
Okserve R soifefies  Cia) by (1)),

Claim 3 R satrsPes 0 b)
Bt of Cloom3 TP s es 4o cfRack

Q“‘(R L\)- == LU‘

‘(;h\r‘ € KerL and U & (k@rL)J_

Te cose UeKerl is clean Ao  assuse

ve (Ker )™
S Then  RLv € (KeeLD™ by Claim 1,
.So '
RMRLy) = LRLY RLv
Lv
A3 Oesired .
U\m‘%uehcss ! Su{?m a (Yv\a""v\‘* ',F\?‘lé Moy (C)

salisPleg Gad, by . Thowe R satfies
Y, (2) above. ‘ ‘

[(x-)cu scear (3 L velel)' By Cam2 ]
S (ferl) st v=RLw. So R = RTRLw =Llw=LRY)7Y

 Thesbre R ggresuth Klon adpnc B V. g BT=RL
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PY‘OO'F of  U\) Pic.k ve EL \/ SPawe qu € EL‘T, V.
WLO G we (mas assume,  That
. A
ve Kerl. or A€ (Kev- L) .
If ~ekKerl | then Rl'v =0 ¢ EAV.
e velkel) | thae

>

Tl = L(RLY'w» ¢ LEX ¢ ES V.

Prosf _at (“\) Oloseryve. R, L < MJx(@)
Se V, Ker L R Hhaa  basis c{msm‘h‘né ot

I}
veclors  in (N

Re?ea‘h‘rs “+the  comstructmon cf{y R“’ with The  bose field
iep[aged by ®, we +Fnd a mdlrix

R™ ¢ Marx (®) @odisfying  Cla) , (k).

Nouws R e R agre on @ basz  and

heaw  RT= R,

Proof of (1) RL=L*L & a AnmmdTrie.
mafyix . So & i3 dkagahaﬂimb\e.
lex & be Gy o.\ma;zmuab& oi RL.
Lex Ve canste -the coerSPondivé manimal exéﬂmsyacq in V.

Thaa = 2 \% (or 1red
v Qge%mmﬁ% 4:RL ( ﬁwaqu diveet Sun)

Lex B © V — Vs danste  the cv’flx.oafvmfl

/an‘ecj'ro'h. .
THRene Ee. 3 « Cmn.?Qﬂ/X /\oolawaaﬂ in RL.

M Ee ¢ T)

Ee s swald Sinae RL & om mf%mQ n)wafv\‘x)
‘e‘\)-(’/va Q%Q/V‘UU\./QAASL, O"S RL & a. a.%ﬂ]wou‘c, ihfegﬁfL.
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Claim 4 g = > G—I'II_EG _

)
&= eféeh\K.QMQ o RL. B20

In Paﬁ’rfm{m ) e Ty,
- Preof ot Claim 4 ' ' o
Show 2 sidas  of (%) QGree, wobon W
+» cwb'mi/\é e V.
WLOG | ve Ve o for some ex‘éenuﬂmﬁ. & of RL.

LG)T 6/ deno‘\;@ a/\/\az)_{ a\‘gﬂmwoﬂu&? o/_g)_ RL,

Eet'U_ = i o ’L{ él:f:e
. < !
g ,L,{ 5 =b

RHS of ) c«?(/b‘sw{ e ea%w&a
gt o ).{ Q=0
6Ly ;1 6 +0o

Show This eguals R

Canea =0 :
Sine RLU =0 )
0= <w, RLod= Il Lvi®
Hemne Lv =0 sv UE€ Kerl .
By (&), R =0
Chaa. &+ 0
Sina RLly =06 v | v=6"RLv .

Rena ol = 577 RLy = o7 Lr

bé Ct\b),
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Leclure 32, Mon. Amil 19, 1993

LEMma B5 Let N=(E) bk any %m?-?x
With The nelohion of  Lemma B4, the -Qaucwmé Rold.
)y Leax W  dendte a Hun  irreducible  T- modwfs

with vao\pom}‘ Y, diamgter d .
Pk @ (osdsd), pick wve Eree W.
Then :
Rj\ Ry = { v JL\ v<d
0 ,u(‘ n=d
W) Assume M s austance f\ﬂg&aﬂa ard Hunn
wrT %, Pk  * (ogt< U2), ad
/Prc,\»: ‘ € E?V Tho
RIRYy = RV (1lsvsD-2¢)
In  poshicidlan R Ry = VU
Gn) Assuw\o. N x oxstlne j\%ulm omd Than

w.r. b, X.
R - Eze\/ — E«?-e\-\\/
S ora-to- one (Lo < D/ )
Prosk

()  Ler  Wo, W1, ~ -, wd  ba a  basis Lor W
wa € E:i; w

Rw2 = w (oxi <d )

Lwd = xi W) wig (1< ¢ <a)
So

RLwy = xo(W) wa (1 ¢gd)

(SQQ LeJunQ_ Ct P Lemma lS >

R-)Rw; = ?
1 =4 , PﬁlRwo\ = 0.




v lec32-2
sue 1995 2 - 25

I-f o)

7
Cr

< d

— —j
RTRwy = R Wiy

= X WY R RLw,,,
=\

= XC-{»\(W) L\JJ,L-&-\
-

= X (W) X (W) I

_ W

~no

Thus e Rowe ).

RLwy

= R X(W) wiet = XI(W) wa

LR wa = . Lway ="Xt~r1 (‘W) WA v
TL R wy = (Xemtw) — = 0W)) w2 o<~ <4,
KeCW)I =0,  Xgu (W) =0
A .
LRI [w = 2, (xaW) = XOW)) Bln w )
~ . A=0

() V=2 W (OY'P"K%GYQQ dived sum of Hhin irreducihle T‘mﬁdufej)

Thaw, E_*\/ = Z_ E:\[\/ (Ofi’knzm—th divect sum ).

A

rW)sT

WLO G we (\’V\O\»\a ossunl o

veESW
for soma  Hur irreducible T-meduds with erdfo‘wd‘ &\
mest  &. | "
Nows v S D-at, thoo
L A = D-T
< D-rlw)
< r(W)+alw) by Lemma 23 (i)

( Ds ored )

m:«i;g

[

i

w‘ﬁ

-y

RN W pen R A wa g
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i ' So  4xi-1 < rewdadw)-1

E Hemw .

[E_ Q-\Rq‘)v = R'R (‘Eiqv,)»‘ - (R o e E{:-&L W)
E' = ¥ by LD

| o

% WD) Suppose. Ry =0  Hr Some T ENV

| | (os ¢ ¢ D/2),

[ oz@“\?v:@ (ba Ay with T =1 ed &:[)

Der. Ler T =E) dwste any %mfﬁm withe

The Stomdord  msdndss V.
Fix xe X o Wite EF=E{®R), TTe). LSl

Der 1. By T2 ( SV D) afine S\A%s(})qw.

-

i; |

E _’V&= LW,
|

|

where the sum. bein% over \rredmeble  T-modulos W
with  end poird ®

f Observe .
? V=Voxt Vi+ - 1 Vp (O”J"'Ogm"& di&eCTSUM)
Vo = Trivial  T- mednle

Der 2, (E(?V}hw = EIVa (ogv<D)

gl (B ) € Ker L oa ETV < Kee(LED)
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It each imeducible T-modumle with erdpoink ¢ <
s T i

<E&*\/ Yo = Kerl n BV < K(-:v(\_'EE*)’

BV = 2 v+ vy

J<n ,
For V35 yoX . Take Wi € W i ireducible
with endpot X 4< ~. Thae
Lw,:-Q‘ = ’L,\\i\(\N) Wig-1 + 0.
And L x . i ¢
) v N ' E‘ \/\ s
\Q%E*_ iog Y v

B one 40 Q-

Corigirally S4) o .
LemmA 56 Let m=(X,E) be dstome Maulo-/u

ot aiamﬂ—,@/\g D=3 Frx < € X
R=Rwy. L= Lz, FE= Fix)

Pide € CE—TV)W .

() REJALv = @ BERALv (gD )

\s % — K X, %
WYy FES ALV = RELAUS (A Cir i) BEL Ay

“r

‘C;'E?A,;,Jrl?u' (1sv€D)

(H\) L E?Ac_l \J = ]: El\-.y‘.l A\"’\T -(Qt‘.-\NC-‘\*C-\‘.‘\) E,\:t A';. v
+ b, Ez. Ara U (2&\‘SD)

v LEFfAW Vv = b ES Ayv (1<<D-1)

L.._‘r:l

astan i

bt
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m;-m!

o

ol

!':.
£y

L
{

00 o e TN 2 I e B o Bl

75

N R s B o S



M lee 32-5. .

0ae/995 - 2 25
Prodt
BeX 30@\3):1 |
Ther
BEX Loy )= 4
So
Z O(é = 0
dex &(X‘a):l
Thuas - _
ae)(, S a):i
~ ‘.
Lex ‘Ac,=A°+A\-\-~+A«, (023 D)
T}’\evx
o 9% ~
A,\"\yr‘ Z:X O(EA k‘a—?(-)
Soy=1 :
= 2 oné( P 2 -2 2! )
HeX3gel  lzeXdlY2)my WAL Fex 3UYe)=iN, 2%, )=
i See lec 1&6-5. ,_ XDv‘=O J ‘
= Z 0(‘& (E.‘\—: A~% = EjAw\"\%)
36%6(1.‘3)’—1
E,‘:\ A/\a v T E:ART\ v
(RELO\.H ( lec i -5 Cla,\m/‘ v Thae ?ro.ac O'F Thm 32)

~ oV lo VA o . \
Al =y Az tlai—Cut @) Ay br Ay, (ostsD21)

(Thto o valid Ao =0 as  Ake= Al=cA-A, = A )
by So:ﬁ‘\‘ha XC—; =0. ) '
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Now ) ~Gv) are obtained bé ' Ouﬂ)[ai»\é Hrro

o U ot AgkX and  cmaltiplied by
Ey (o0<y<D)  on ta leff,

'AX;,\\T = AE{AL v~ AEL AL v eguals

N ~ G 1€4 < ‘
et A + (am-citen) R & b A ) ( t<D)

= oy B ALY - ¢ EY AL
*(Qu-Cit i) BT AL v = (Qp- it Ci) B ALv
+ bay Ban Azz v — baa E?—l Asa U
) R,E‘LXA;_\\S‘ = EL;*‘ AE?'Ai~|U_ = C, E‘;:A,QU' (b<~<D)
() FEZAw v = EIAES Asw
= RELALU - ¢ BX Apr + G-t co) BT AL (isieD)
() LEX Awar = B A E?A«.\T
= FEA AW — @u-ar ) B Av + by B Aur (25190)
( Evem 4 £=1, o b oeliad by sid*ﬂg Ayvy =0.)
G LES Apr = ESYAES A |

=b&Eff,A;v Sl (151<0-1)
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tit
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Lemma 57 ( TE%)
Ller T = (X, E) be drtance maa.n\om ot dolamater
D23 . Fix xe X, T=Too,  EZf=El®,
R=Ruo , F=Fw, L=L&x)
For Vv ¢ (E\*\Umw, Tha “Followiyxg are e%uLOaJemi
(Y EX Ais v EX o ave l\‘heanla depencand
Lor evend 4 (1gt<€p-1)

N\
AT

W) Thea exsts o fun jrreducible T-mednda W
with endpoird 1 Aok cowhing U,
TH W W) Pld, thew

\/\/ = SPO/V\(,E\*AO‘\’—} E;A\W) T ESeA,\“-.\'\.Y>

P)’DO'F :

(W) = W) Cleon. oo

E{fA,Q_\U‘, ESYAWm VT € E,?W:kaw&-l)

0y = cu ) Consscon e (\m.?jusvu&
EVAcv, EFAW, ESTALv, crrc, Epay Apv
The firsX term S owvzmw ad tha last tevrm s O
So  Thow exits

. . *
m.= mum{m\ =~ SD E;*\A;,'\rtoj}

Now -
E:)T\Aj v =0 Cnsj's D) — (1)

@USQWT(UHOA = F A T * ooy
2 ind EZ ALV € Spom (REFA v (,zul
‘Le».nma'SS. ¢ | é-ﬂ ,3 - POM | J " ) o
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83 OWA QSSIAYY\P‘I’\TG (V) and te dttﬁ'v:\frrmr\ O% -,
Ef Aj v e Spon (Ef Ajav) #0 (iggen)

83 Lemma 56 ()

e

.

RES Aj v & Spom (B40 Ajv) (<3 =n)
Bé lemma 56 (i) o d a1
2 AL ' EX Asv BT A *A.

FEI MY € Spom( REZAjw, ET ALY, B ALY ) |

S Spo ( RELS Ajarr, EFA3Y) ;

SSyw(E\;TAa-\’LY) usjsn)

By Lemmo 56 (i)
LEEAQ‘-MT € S?OW<FE\;\ A\\)\)‘} Ej:Aj\y/ 'E;;IAJ‘-J.U‘)

< SPON\, ( E E\)"j Aj:)_"\}_). E‘%‘ Aj—l'\f)

S Spom (E;l Ad—z”\)“) (2¢3 sn)

Hemuz
W = Spam ( Ef Ao, ESA, -, Ex Ana V)
s R, F, L incwuedt.
Thaube W s athe  T-medade
with, @dpoink 1 T codoing UL

T e e e e s

i

IR T e B S
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Lecfure 33 Wed  April 21. 1993
rainat
LeMmA 58 (97358 )
Lex Y = (X, {RuJoxi2D ) be a commilativi o
i x¢ ><9 write,  EXz Efeo . M= M7 T = T
Then the %llmih%"a,o“fk

() ESMM® = B M @ BEo™M*M = EoM”
N —X' — X ‘P'\ = 7T = =

(l\) EO T = ED M W) =¢ T = Eo H

Gy TEST = MESM ) TET = M7 5o M7
! * ¥ = -l % (W) BB  Eo = I¥ITE
(|V> Eo ED ED - }XI ED s =em =0 -.b.

v) lines (1) — (V) hold »f we. in’fuckm;/m

(Bo, Eo*), (M.
Moreoven ,  MEJ M = M*E,M™ .

Proot |
. . . ¥ R < *
Wy 2 1emM implies ™M S ™M™
< Pk o e BEo MM Shors de BE'M
Sina Ao, AL . Ap S?M M, od Alne
EO*)_"/ E'g(‘ S?OM I\/\“}t |
WLOG
= ESAL Ej’t
+or soma A4 (os»\‘“\?)SD),
WlLo&.
"\':J‘
else =0 ba Lemma3S (lec20-3)
C Eﬁ'\XA:\‘ Ej* tTo & P&o& *o )

P
Now o= gra( 2 £ )
f=0

= EoA X
€ _EFIM.




- lec 33-2
21995 225

() =

D)

This 1o cleon - .
BT o the mminimal nehT idead of T

Cm’ﬂla,i)'u'hé Eo—*. )
So u)e\ju/:j ﬁo,ﬂ%sm Thad™

ESM 5 a AT e of T cokining £
Ning c{em/g oidins Fo Sine Te M

and & a ighd ideak 01 T by i)

and  the fad that T 3 genera'fzd’ by

M and M7 S

TEos* = M EoS,

Pi%e)

v )

(v

Lemma 35 (i) EpAFE;#0 © @i #0  (Le03)

TeEST= (TES)(E*T)
MES Eo* M
M &y M

!

1 D

B Eo Bot = o B[ 2 Ag) B
, fi=0

—‘“ IY‘ EO Ao EO

= D(l-) Eoae

The ﬂ‘rsy'pad & clean. b3 bLS)‘)\é,_

Lemms € O (i) QELZZ -1) 2_031‘ = SU

| Also

ME*M = TEST - ~
TE By Co' T
TEsT "
M*EOM*.

in |

I

s

umi

y..‘..:«! Pordil PRI e e
! :

T e e g e e e e e [

H
i
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and MXEo M* < MESSM 1'93 duaf) Mgan@»\j
So M"‘EOM’X = MEZ&EM ‘
This  proves the Qomma .
Oriai'rf;\\ '

LeMma 59 Lt T'=(X,E) be dxfonce rugmle
Cof ddamadoru D23 @'POIEy”OMQQ w,rt .

o, By, -+, BEp Pick XéX

write EY = Bl M¥= M7k, T=Teo

() ETMMT = B+ B EMT ¢ B E, M7

W) B MM = BT+ B ESM + B ESM

Prost
&) View Eie‘ , E*DH as O .
View 63, 6™m+1  an  indutorminates .
Lex A Aencte RHS in (o)
=2 T em™ implies Mo MM¥

/

Suppese  mot . Then, there exists
e BEFMMT N A | 1)

/

Since Ao, Ar,---, AD spom M, Sina
: * .
t Eo—*J"', ED SYPON\. M*7 WLOC‘;

o = EFALES

Lor  soma vo4 0 (oshgsP).

Gbserve \'L-d | < 1. -

else ol =0 bé Lemma 35 ( tec 20-3 )
WLOG  ossuma A+l s oirumal
,A%bg}ec.‘f to 'H{a cbove, tmsfrainis .




0 lee 3374
pe 95 2 -oh

First  assume.

d = aq+1 | ’ (2>

Observe, . :
*

BEAL E-ff“ + E{*A; E’f —+ E?’AgEi,

D
= Al 2 E))
fi=0

= BV Aa »
€ A, '3)
A\So o\DsQY\fQ : N
EFALER, EFALESN e
bé the m\,‘\mvvr\a.Q;\Ty of A= Q ) So

*
== ETA» B < A

b\a (3. Hen (2) cannél™ cccunL |
Sine =g LS4
Ae L3, 413 L (4)

Observe ’
E\ AJ—H EJ —-\- E/\ AJ \’) -+ E1-* A\j-\ E}
_* .
e 2 An) B
= |X‘ E; Eo
< A ' v (%)

an A
*

ea-\»\ E\ AQ«H E "‘,‘ e E’] AJ EJ -+ 6 J

i
v Z o Aﬁ) Ej

= X1 g% Equ

e A o )

£} Aj-

[

Fiaivtty

. ,.,,;,‘ Yl

UM R e e e ke e g

[

F
1
L.
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X %

Since B A Ej & A |

b% the (YNY‘/LY‘I‘QQAT]‘ ot "‘d't‘é') L0

E\_)‘Adﬂ E\‘;(\‘ ~+ E?A\‘) Ejt e A

> = ' *

O ETAIM By + 8 EAAJE) € A
Bax 05, 07, - 95 are dawhned bt
Lamma. 41 Gv) (lec22-4)
/A’o . : ~
/ =% Aj+ E:j’t, E#’Aj E\; A
B o s one of these tTwo madrices,
Ao 0<<-A .

N

Hence (@)  canndt occuwiL @ecther, ond we lhave
o contraciction

() dwal a)‘\%uw\ewﬁ_,
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LemMma 60 C ovi%im117 Lemma ST. ‘5)
With the above notalion ,
= BEXT El*

3
N.o= EMAES

. o~ 2 o | ' | o
(v 3 = %3 (&= va\em% of M)
() TA = Kszc«ff (a,=p), _%Y )

¥ -1

) BXEL B =1x\ '3

vy EFEES =i (Ee )+ Aler-81)+ T (X))

Proot . - |
(1)  The firsX subecostitued oy B vetico

Q) The P;?si’ mbm-tc—men“f 3 /w.azulaa’gﬁ u:zleméy’ Q4

Gn) Sinc o = IXI” J

Giv) * X L o2 * *
E1 By E1 = [ (le Z_ 9&)/—‘\&) El
4=D
= T (6 ET A B + of ESAIEY + 6XEAEY)
= X[ (8 EX + o7 A+ B EM.EY ) —u)
Also .
J = E'Jg"

= E*Ao E,, + TAEY + EI‘XALEI’X
BT + A -+ E:«ALEI-X —(2)

El:‘m[ﬂaﬁng T ETALEY Teom inw1) u_s;‘;g‘_agcgfm (2) ugeg,é]‘(('l/)

,,,-;,,,;l-‘ o Fiten

I N M [ B e e e g

r——
i

]




_Y?A,__L?.ga_s ______ A
oae [995- 2 25

Lemma &1 ( or\‘aimﬂé Lemma 5§ )

With. the above nofalon,
) EXT = EFE, MY+ EAM+ EPEMYr EFEE M+

I—I

CI‘l‘) EI*TE? = SW ( E"XEO E!’ﬁ/ Ef?/ E?’EIE/? J ( 1 = /< )
Gy BTE = Spam (3, 8% AL AL )

vy EXTEX s A‘aknm_QTfli. ( in Paﬁﬁwim, c,mnmorfa’ffve)

Proot

() 2 clean

S n%ﬂ&mmemWMo’,f"
'ﬁ'\o:r cmfrf‘arhs E/
RHS confains  Ef . .60 chow RHS i
a /u‘z/ﬂ‘ deold of T |
Show RHS is closed . wnrT Omxxfh'(}al»‘m'rrmv
o h‘DL\T bg M. M%.

EFEoM*(M) = EXEcM™ by duweld of Lenma 58.0)
T EMXMY) = EF EoMT (lec33-1)

EXE, EY - EfFM(MT)
= §*E. & - Er (EMMT y
= EFEE* -~ By (EPM+ EF B M + & £ M)
bé LemHA 59 (lee33-3)
c RHS
(bewouwan ,
EXE B E.E*Eo H-}‘
SEXTEeT = EAMPEoM® = E*Eo M )

S?c\
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EXE, - BT (M)

= EX- .- EI'X(E‘ M’M) :
=g*. - EF(EM*t BESMT BEXM)
by Llemma 59 (Lec33-3) |
€ RHS '
becaiag, .
B EXEERM S BFTTIEST

()

= ESMEs M
= BEX M E. M¥

(bé LemMma S® (Lec33-1) tha lost pardk )
= E‘l—X Eo M%

Mm\T?pla ) m-ﬁ\qf\iaﬁf ba gX S, LR Rowe

EFTE*= BEFEsMAEX + EFME*+ A M ES

4ot BEPE, - EMPE + B8 ETME]

= Spom(EPE0RX; BN, BPEE, (BEED )

becaunass E*MET = Spom (B0 B, AR EPALET)
'bé'L_e_mma;SB-‘(Lec33*6) = anm( By, E\*EIE,')‘, E\’E,E{)}j’, Moveown

B

(n)

*
PEES S EMTEST EX = MM EoMT EX e Span (X Eo B/ )

By i), ENTEY 5 goouled by J=IXIETEE! au BFEEY

. B& LEHMA 6o (v) (lec33- € ),

Gv)

EXT EBE* = Wao\. ba, U 1‘\
B\,d\ S_Po»J 3 a 2 SRV ET- M b&
LEMHMA €O 1o (i) (lec33-8),

Nenwe we  Rout (i)

K d ong gammﬂTr‘o c:cymrmu."l"wxg_ maTyw

weﬁowe“('hadw

s o

a‘«'v;,wﬂ‘ o

&

eondi

;ﬂ"ﬁ‘i ,,,m.,&,

i

W R e
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Lectve 34 Fri, April 23, 1993

ler = (X, E) be a=hnce M%u\o/\, ot digméler D23,
ASsume PNB S- poanom\c& wr T EQ)E\,"', Ep
Write Av = Ao+ A+t AL (osc=D)

Fix  xeX , wite  E.= EFeo, Mr=Mie T= T

Pick 6%+v ¢ (B4 VImw . Sex X =Ix| E,v

Wi sbuwus
To = Mo+ MFu*
We meed J(;re\\mihaz\g_ Qovnra,

Lemma 62 Qor\%\halla_ Lemma 59)
With the above mustalion |

W Apv = Bl Asr — EF Az v (0<R =D) (Eph=Anid

LB * . ) N
(1) EFv* = (654 ~0%) Ep At v — (68— 0% ) EF Agu V-
(OS'E\S’D) (A—t"’ AD+|=6)
GO (87— Bim ) B AL ‘ :
. ‘\\J "\ ' * ‘
= ( Z Qeﬁ e >AK> (% E%)U‘* (o0&t S p-1)
$=0 . h=o
vy  (8F-ow ) BEY Awm U |

=(Nz—‘(ef?"53é)/¥%)‘f‘ Z E:)‘U' (0<€i€0-1)
#=0

(V) My + M*\;-* = S‘POM{E A{Hv E Am\yl I<L‘SD}
Proof

()  See lec32-5.
It s oire?\dé A2 in lemma 56, (e 32-5)
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.. * -
() EBpvt = X B B |
3 L | \ :
.*
= E?b ( Z 8! AN) U
L=0 .
% D % (/\J ~ B _
= eﬁb(\z ®; \Af’/‘\i");'“
=0
D-1 " . a * ~ 5:!:
=B (T ol AL ) v s Bl STy N
=0 \
P T L °
= Ek ( (&} \etu“)(ELf\ A,‘\U - E,; Aje I ))
=0
= (el?:: - 6;\) EZ_ Apa U = (9-:,‘ 6;\:\7‘&& Agn v ;i
TN, (V) Catl eisucdn:m. in () §:+ and  call
e%\mmm o Gv) 2T ‘ . {
Rove in ordan., o, o%, 7, 1t 27, 2, ;‘
o Teivial v z
FE] LHS = (8)—67) B A, v | (elv=0) E
| N i
= (9—;):(“9?) ED*A—I\T - Eﬁ\ ‘U_% bé CC“) §
= — E: U—'* . (=0 othewwize - Tar E‘
has erd Po‘mY 0 ) £
= RH
{ RAS J

S using () and T
| * X
LHS = (8- 8y) By At

= (67~ 8%l) Ef A + (6¥-00) Avy (bgh)

o
Vg

1 : )
— (%Dce?e?ma) v - (écgg)v* + (e’g—eﬁg(%o An) v

™ g ¥ 0 e ~ . r - . {



Mo leeza-3.

Date Ioqu 2 _‘26
( by -)
L A .\
(z ey o3 A ) (2 EL v
A=0 #=0
Lo us%v\% () and  (o=1)
(6= 8U1) Bl Aw v
= (@cﬁ—@‘f) E?A-&_\ v BN ux (‘oé i )

a=)

a-i -
QZ o, - S?JA&_)’U’ - ( > E;)v* - B7 o
'ﬁ:_o %=o

B )V
0

\
A= ~

St SO

(V)  Immeddea  Frome (1) — QV).

Y R Spom [ Ago, B v* | o< <D |

i B )
< S\)M{E%Aﬁ—lv,Eﬁ_lA»g\D‘.[ fS'ELS.D'l
bé ()  and Qi)

On the othon homd. | |
EZ Aev, EmiAgU ¢ Mu+ MF* (LshsD)

b\a_ ) ana V) /
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Lemma 63 COY?%RY\QHB 60 ) %"
With +he notoation of Lemma b2, —
assume 0 =T & (Ef*\/)mm) s owt Q/\BEY\UQQTOP
‘o 2\12: E\*A EI—* .. |

‘ W Ty = My + M*0* where = [X| EyU :{
i (D Ty = Spam [t ot v, vl LEIREURC S S

[ where \J‘j = E:A‘\\.‘-l v, Uy = E)\* A/\\.;i‘\ \J
B dim BEF T =1 =
dm BT Ty <2 (2<0 < D-1) ¥

divn E; To <A
(V) Ta s an trredurcible T-moduls.
Proof

[ B Y N M € T and
vF e My € Tu

Bt O B e

Mewwe  M*u* € Tu
< - It suffice o shows  Thax
Mu+ MAfuY o a T module
(sina X C\eavlé contains U ),
;_{

(@) M*Mu S Mytr M*pX

(b) ™M M*u* € My + M*u™.
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Bsl MM*o* = MMYE v

Prod? ot (O\) ;

Bé tha Tromspose of Y in Lemma 59 (lec33-3)
MEMEY = ME® + MPEEf + M*E, E*

Sine U e BV Efo = U and

/

M*Myu = My + M*E,u + MYE v

Buj Q,\SO. Eovu =06 Sin R J S OYf‘/\OéO‘Y\Q,\
‘o the Trivield  T-module .

Stnce Biue = IX1TuX

M* My = Mar + MTu*

Qs desived .

(p). s obtned Hom the ‘l’ramsPose OQ
M) i, lemma 59 (lec 23-3)

= MXEuvX¥+ MEJE X + ME*E, %
= M¥vX 4 MESv* 4 Mot
E*v* ¢ Tu  and B To =0 ao ve EFVnaw
So E;”v* =0.
EXfv* = X\ E*E,v = [X| EXEE Y
o = ((og- 6F) BEM+ (87-60,") BTA B + 0, X|EPEE)V
= (63-07) v + (BX87) EMAE -t 6, IX| £ Eov
T oa U =0 and T & an eva,w\ﬁ(roy of E?‘AE\;‘_

$ UeE VI . TP v s om eigavedsr of EXAES

Efv* e Senivy o o )



o lec 34-6

e QG5 2 24

(D Tu = My + MTuX T
= SFO"“{E?AMNJ‘,ET\AA;W\ ISt DY _

= S}vw{vj,;v;l | 1=~ 2D Y
= S?w«{ LRV S /\)‘g} v, - UD: } _
by  Lemma 620 lec3d-1) ;
BT Vs = E5AIU =0 Sina
ve(E*V I, and U € Spam VT *‘

Thoesad | :

VU, = EtAeu = (-1-a0 (Tu)) v,

wh o (T ¥

_erQ 0o Tv) ETLQ Je,\é,wunh& 0‘6 v
assocxcited worth A
To A.QQ s obsaave

) 0
6= J
= (2 AL B
=0
= 5 (2 AV EY

=0

= J =x O.o( «J)\)" -+ "\Y\—_

M«Powa

— + - -
TV“S@QM{\)’?,U‘;J”,UD v, -, 0, }

| A
i !

I;;s-am

WD v, vl e BTV

(9) Stppoe To 3 asdusible ore, Te = WirWa
CorThﬁ%onaQ aved sum, o nNomzoe T—MMM)
EFTe= W+ EX*W2 s dinowsion 1 by Lifi)
Asura  YeEWI  floe  Tw SWi , G comhadidlon

FRR e M o
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LEM\"\A Odr COY\%\‘/\Q Lemma €1 ) _
With, Tha notatmoa O’{ lemma. &2
assume O=+J ¢ (Ez V)Y&W s oo
Q/\\aev\\)QCTO\’ 'Fo(' Ki: ;': A E: .
(Y  Tvov i <> M** < M (See.rewax\k belw)B

G ler W dansle omeg irreduce ble TT-modulo
with ordpoidl Thore
W = Tayf
fov Soma Oivé—(,*\/)rw tHot R am
ﬁépmueétov @—f A
V) Dendte ers Q,wanx& o A assocroded 4 U
Cresp. ') by @o(Tw) Cresp. Ao(Tw')).

Then ‘T\)“‘, T\J" ave \\Somov?‘gx,:z, T-rodaly
<> W(Tv) = aol(Tv') |

W) EXTES Yoo lasis
I, Br, R, AL, AV

Cwhea 2 ’—'—# of mufnxo\'llg mmarsow»ovgﬁ,‘c/
Tomodadss  with  evdpotd 1.

Proof
Gy TR To w A, Bae by Lemma 15 (lec9-1)
T = My . Hemea  M*y>* € Mo

r @No’re v 0“‘8”““5 this woe Juas Thn e M= My
Thaa B m*“ﬁ\n e 1h W . S\.}f{)au BRI _H\Mﬂ
et . W be an imedumcibe T-module oF ev\dpm‘v(l 1. B<mi

The W BV Sviso — v e WnEWW_ s udpou ord



ookes 3238
ate (C{CIS 220 »

JCv,d) - N = 24 ' BCN 255-254 | ¥%
. . . -2 !
b\-g'—‘Cd‘Q)(\)‘d'Q) ’ B3 . —
©3=<d~3>fv-d~g)~3 m) = (3‘ )"(3-\).
In *Pcm'\'\ouk\on/' i .
R=bo=a(v-4d) > my=v-1 g d22
Gnd Jlv, d) s Thin ‘Lec%‘s ;
| 3
So (Xl B\v = v* A Ao O somalimes. f
BI ao 1 & dwel tun of lamaete at fagr D-2 -
(Lecl@-4) ,  Tha dual 2 poid < 2 so intaT -
L cowa Exu #+ O. Hewe ) D23, Eou+#0 olunga, ) =
Hs]l Now assume Mot ¢ My, = Tuo

Mo = {_Q(A){r | fove @al
Se ELTvo = ExMu € Spom (Bev )
Hemw To s dwmel Tun.

Nc'uo we omn construcX o bas

O+ wy € EfW ' dmel en-dpotit
wg,wl¥,~~',w§ E W = Tvu
* o '

Whaas wd = Ba A Twi

| R N e

A)Tw’? = Wil +olwlt x?bd«‘%y o~ UJ§= ‘Pt A-)(.)‘Mgt
R *
B AT Bk ] BEyxaW = QAL 1 ‘ Bl W
B A Bag A" By =zl =
YA~ r*a- Y x:1
! o EA W ~ ‘Em{_‘\/\/ i
See lemmalS (lec8-1) ad lemma 4! ( lec 22-4) ,v.
Pom abowe. Tu = M* VR i

So BTy = EXMTwsd ¢ Spom{ Efw} |

L Thaws Tv A 'ﬂ:\y\_ . _ /
% Need 4o unte dmon tho dwal ot lenst fo lewwalS, Coylh. g
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|
l
§
|
-
J
i
i
g
?
1
?
i
5
]
,

(1) E\*V\/ S om K—mo&/\h‘ So Tthaa ety
0% v ¢ EFW ot = am-%ymw&wm-%r‘ﬂ.
Als o Ty = W, |
Sinaw W s trreducible T =

(“i) Suﬂyosg_ a . T@ — T\r' 2 o BOWLDV_F'B\A:DVIG O"P

T- modules |
Rewd! oS = sa  for Tse T.
S?ow\{o‘\)—'): o B Tw \
= B T
= EJ Ty
= Spomd v}

Hewmw

U‘K‘U_ = Q"(Qo(Tv)U) :QO(T\Y)O'\J'
\

Rov = GolTw) ov

St gu =0,
QO(T\J') = Go( Ty )

T\{Gm Swg?oﬁz QO(T\Y} = Qo (.T\T'>-
Shouy

CT'?T\_T — TU',
i

(3@7)

SU — suv
S om Fsowwrp‘e\xsw\ of- T—-mod.u,\e_s_
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Prck se T.

ﬁ?«eguxre

SU =0 <> suv'=0

WLO&G

Ainca.

2

S e

v,

TET |

vl e EVV .

o=l sull®

= U'stsar

B Sts e Ef TR

Hena by Lemma €1 (1) (Lec33-7)

3ts =

Lor soma

Thae

«J

aeC

+ p(A)

o= nsv) = TF(aF = P(K)) v

—

1wl p(aolTy))

<> O = P(QO(TV))

Rj,\:;[w% O~ b'a 'U"l , we  Roure

o= svu

an  Aasired.

>

<>

<

0= plaslTy)) -

o= P(Qo(To\) |

o= sV

and ’P(X)é CHLY

(Simq 3\)‘ ’—‘-O)_

s

‘)i«?i.ﬂ

[EESEN]

b

e
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|
|
|
i
x
B
|
;,
S.
|
|
|
|

Gv) Q = # of (Tw‘\‘ua\\a NLGV\FSOWGYPPM‘C, T=modunlys with
o Poivxi‘ 1.

= # of dishndd egealus ot At (EV) ey (E1N Jhew
¢

= Tha o\egm of  mirnimal ,Fo\énwaﬁl o
A BNV ey = (BT VDneo

C!Qimﬁ EYJ, E\*, /3: , ,X'QA!‘ ana aneaz\\a_ imhapev&afﬂ_
(PY‘SU{:) S\xﬂﬁoﬁa ot _ﬂ’\l)/\/\,

23 + p(A) =o
for some e € and pN) € Cx1
with deg P <2-1. |

Bux %J KE\'XV ) ren = o . \‘w\ie;

P(A>l(EFV)nw =0

S{n&

d&-é_ 4{3 < dng of madrina ?a{énmv;c«Q a-‘f Al@‘.}vm
we £ind p Bodially O
Theae o 3 (\obMJreLaué 0O also,

— ~ NQ..'
Claim. 2 I,ES A, -, A

(Proct) 1T maeds 4o stowd
s ~Q
%, E?‘,A,“-, A o Qmeoz\\a dmfevdoJ (%)

*_
spam E,,Tt:;,

Lex o dunste the murniwal ',Po(ém& ot

(\A/]'Q-:?ev)w . So ™m (A)@?V)m =) .




[d

( Qivedd sum o

EXV = (B'V)paw + Spw] AT}

E?T Eq* - YV\QCQU.\QS )

o (A) Ax = £ A% for somo £ C.

On the othen bowrd
TAR = R A%

(%&: unﬂsw%crgr')_

vy

o

Bl

T e

sl Bl e
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Lecture 35 Mon, Apri] 26 1993

Theorem. 65 (on‘a\'m\l\é Theowuw &2 )

lLet T = E) b dstww vegulor of diamaten D23,

Assume. M = @-Po%homtaQ w.rit . - '
Bo, B1,- -, Ep .

Fix  xeX , wite El=Efey, T=To

(Y Ue +o x‘somon‘:&xsm. , There are oX mast 4
P, Wrredacible T moduules with ev\d'\:o\‘vxl' 1.

Gty 'S\Lﬂ)os,q_ Vs o wrl = 0 Theo

Am EVTEX <5

Proof . |
W iz immearse Hom (D and gk Gv)
of  LEMMA 64 (lec 34-7 ).

Roof of (.\l) .
Claim 1 EFMET = s?wdfs’, gx A)

Prest of Claim 1
ETMEY = Spoml BV, BAEY, ETAEY BAGET, - ]

B EFAREL =0 4 42
(\vé Lemma 35 lec20-3 )
S0 EMMEY = Spanl B, EJAET, EMAET ]

Alss 5 = grggX
D

~

- Ag ) E

_ EX4 EPAES+ BFA, EX (See lec33-6)

N\

I

Soe  BIME® = Spm LB BETAET,
e are dova _sine _ N= EFAEX




v lee35-2

~2

Claim2  EFMMIMEY = Span (T, 8187

Eroo‘e of Claim2 2 : clean

St In Lemma 61 Gy (lee33-7) , we saw

E 7= EFfEoM*+ BEM « BFEMT 1 EFEEIM 4

In R the proé’\z’ ot tha lewmma gives a seguenc,
EFMMY = BXEoMy BF M BPE MY

EXMMM = EF B M+ B M+ BPE MY + BFE B M — (1)
ESMMAM M = EFEoM* + EXM EFE MY+ EXEEPM

+ BB B E, M

Muttiply (1) Thaoushe  on the P by EY do gl
EMMAME = EFMEX + EFEEAMES
:—SW{S—/E?,K, (/\5‘\1\})

AT =3X < SpeiT ),

2

rd

Sin& ’Z\YJ
Thao proves Claim 2.

Nows lex W dencte omy. rreduacible 1= moduwle
wirth ey\dPoir\,T 1, ond /Frck 0+ U e BETW.

—_ A 0
Sex VY = E{TAL-'\E\*‘\J, UL =EL A E‘\)&’\y (1scsD)

We  knsuo by Lemma. 63 (V) (Lec34-4) ok

o

Iii;\ﬂ “

Vo

Eiveit]

i

¥
i
.

e
B m

r,...,u;. -

i

P
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In %eneraQ

20

Iotn® <ol vty
Dy = dak ( )

Cif o> TR
with e%ual»”[y Ul 0T ore lihean d.ﬂv?ez‘/\CQeJ,
Checwurar 2! @ a Gom wcleix D

T an in'\‘e%er "\ (2~ € D-1 > '

LClaim 3 There exi3(s ?‘H cCW ] . d&é Pﬁ <2
T Adoperda ovnla oL R ivitersecTiove  cunbens

ST, oI = 1o P (as(w))

Prost of Aaim D
otz = G° EY AL BB AL BT Y

— p —
= TEVALEALES v
Bl
B AL ECALED € Ef MMAME S
~n2

| = Spa (I, EF, K, A7)
ba Claim 2.
Se Fuxe C | p“e C a1 dsg p 1“<2
st E*AHE A BEY = o0 F 4 ?*(A) (A=E")

Now it T (T prARY) v

= (ol® P**(Qo(‘N)),
sine %v =0 and Av = aolw) v,

6 n Lem 88,
This poves clam3. (BTSN S




Sirrullov\\a = P p*‘ e« CIA]
o\&% ?‘— ) d\_u%?‘*' < 2

ST wiy= non? 7 (as W)

Lt vrD = ol (ao(\N>>

s

Claim4  EfAm EF Aw B = (T-A-ED) ¢ ., .

In Pa/\’ﬁm\m, p+_(>\) = - fi\ witA+1).

P\’oo‘\lo“: Ctaim4‘
Prck Y, zeX st 2yg)=23(x2) =

(LHS)%E = w%( (ETALE )%w EL AW ES )wz

- > 1

WeX, 3(Y,1)=2, 3(xw)=t, d(w,z> = i+1.

J O 4 9y,2)=0 /‘& \“"
= O Yy 3(y2)=1 <AL
CE. -
Poa o *{ Sy, 2)=2
= (RHS )y2

Note o ErAL EX = 3—K—ET.
Nowo
<'\T§ \)‘; S o= '\_):t ET/‘\C—\ E\‘?AC-HET U

= f:‘):n‘,ﬂ ('Gt(%,—x- ET)V)

= - (Qo(.\N)‘\"\) ,Fl\,i.l:‘*l l\\J‘llz

fiesin

i}'“‘,;@]

oy Sesirid premin

pores
7 i

win g g g R eS| P pony

v



C EPAERAEY = (0D T + tho- cOEF+ (am)A - A

Claim 5 dig $7 = g P =2 <

(cmlé n2d Br seme V).

Proot of Claim 5.
We need o caledete /F—H, ‘P\_

@ Pk Y, 2 e X <. a(x.j)-&(x,z)=1

* —
(E\*A(‘,—l EXA =y ) (BErAWE? A‘\'*\E'ﬁj"t

‘3%
= I Tus(Y)a Palx) A Caq (7)) = [ Mari(4) aM4(1) Ny ()]
3 ot ¢ G
* &~ Iy
a=\ 2 h

i Pai A 3143)e0 Pint 4 2(32)=0

_
1

B As BT AL E?(
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Conchm sion
_ IRV IR RN
P, = doX |
LR o I

Jl

- 2 .
et (FTo) PN = e ) owT )
= © (X =aolw) )
W @ o < @A) =0 v (2<v<p-1)

Each P = d&ﬂB/\u 4 ao oX meX ¢ soluTioms Hv A,
Stha N\ derpmdney the Tsomovp'exfsm class of

W b\a Lemma &4 () .

T o ot omed 4 diffened Hu  ineedueible
modaafea W of odpoi-d 1 up ‘o (?SO‘MDVFQ\JSW)

Note @ Tn B F0) © indepemdend off 3
up 1o swlon M‘H?h (250 <D-1).
£ N haa  clasiw® peanates (g, D, o, B).
He ooz ans ' |
o e d%@ -1
% 1

=ty ¥ &

R T B )

fra

L]
!

g e T T Tt B B

BOrd b
H
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Date |995 3 - |2

1
= >, 9 N E; = E, ¢

A= 2 %) = & SAy

* 1 2 > L
E - T A‘ Af\.= '~ =

T ;oﬁcp J Jgg P32 &,
As =1 5

D 1 <

- £ * E,= = o A

AL T IXES 1= 2954

R ) D
EFAES + BFART + BMA RS = BSA 2 Ef = BA
J=°
. EMAET = EXA - EPAERX - EYAEX

EfASE¥* = lX|E*EoE. - Ef"AoE L*A R
= J -gr-X
COBPAEXAEY
= (E*A- EPAEX~ EFAE?) (AE®- BdAE*- £FAEY)

= EATE —EVAEIA EX —EAERAEY

~EXAESAE + EPARTAEY - EPARAEY + EPAETAES

. — ~s A Q.
= ﬂbo B* + Q;E\-’AE?"\"CQ.E;*AQE\—X -J - A

9% ~ ~ 2
= beE7* A+ <, T - . EF-GA - K

.- ~ ~ 2
= (< “()g‘) + (bo“CZ)E\* + (Gn"cz)A - A

. BEFERE = &I— ((82-67) BEX+ (oP- 6,_'7‘);\\' + 635:) (Lemmé())
’ Lec33-6
*2 A D
) E*E -E‘k ElE_x. — _@‘ l x
P ! iz Y Bi= JZ‘D@JAJ
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Cate qug 3 42
° E( E\E\ EE\ = '{—X"\z((eo“ez)E‘ +(€l—62)A ‘f@z 3)
1 a2 R
= S (ted-exyEr + (e o)A+ T

le% (454 v
2007 0NERON A + z(O3-e7y ) T + 2(67-07) 67 AD )
i
Xy

~ ~ 2
RN v 2 036k e - 62 A + (-0 y A )

2
((bo&t 4 2(85-07)87 + za (7~ 01)6.% ) T

J OFEFASER + OFEMAEY + OFEFAES = IXIEEE,
\ (S ER S EVALER +  EYAES = IXIB*ELES

1

CEAES = (MErEER - xS ENEER + (a-oM) EAE] )

of-o63

{ o; BATE, + O EBATE x 8B, = IXI BE'E
EAZE, +  EAE + B = IXI EEE

CEATE, = —— (IMEEPE, - N OREIE, + (6.-00) E)

- B ATE, = 616 (K EEE ~ KI6EE B+ (8700 ) )
[ 1

| R
B, EXE, = ™ ($p2(2) BATE + PUDEATE, + PO, )

- _l‘_l (pE, + 29 (I 5EPE - IX 8, B ESE, +(6-09F, )
X ©1~-03

+ P=C2) (INBEE R — IX|6|E|Eo¥El t(8,-00) By )
-0

-~
—

( (PLLO)(ez-e\j = P2 (B2-80) + P22) (BB )) B

IXB2-0)

B
i

{

el e

i

b

2!

Py b B Es

i Bt
R } X

I = ) BETE) + X0 p)- 0 puta) ERE
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- EFE(RTEE,;

i .
= - ( Pl(O)(@z‘@j) - P1(1)(8r60)+ P;_(Z)(Sr‘*eo)) E#E.E?

[X1(62=64)
2(2) ~ * O2P201) -6 P2
+ @) e prg g 2PRUZOPR) prp e g
SRS ©,-6,
S S (P2t (0~ 0~ Rl (62-65) + P28~ @o))(e* el)g +(9| @)A*@S
lxﬁez—é.)

2)- o0 2 » ring
Q-0 ( (b2 (080067 +2a,(67-07)00) T +(0-67)2E”

—t_

IX\*(&~6y) -~ N
+2(63-05)(67-05) A + (o) - GZ)ZA?“)
_(_ 61?2(\)-6.\73(2) 6?2 3
X (8200
1
e — ©)(8,-0,) — Pal1) (8:-60) + (22 (8,-60 ))& + BB (1) -0, P20 5*
'le(ez GJUQPI s B eree) Gupw-oipe)

(pl(z)~pzcn)(boefl+2(6;‘—6§)6;‘+20\le\*-ﬁf)er )} J
+{( Po0)(02-00) = $01)(6,~60) +Pa2) (81-00)) (6367 )+ (Ral0)-aln)) (65~07) " ﬁ EX
A1 (PO 6:-81) ~ P01 (03-66) + 2.2 (6,-60) )BT~ 67 ) + 2(pead- pau)(67-67(0 -8 )} A

~2
+f(1>ztz>— P2t1)) er-e2)* § A ]

‘E\."El =R = g = F: ( X 5 P2) A; )'E E\
(i (
% EFE Al B £ = %)EP‘A?‘EDE?

PJ.U)Q\ E’\*EO E?( — ?2,(061* ~
Ix1 Ix)2

T EXAEY = BB (ARX- ESARX - E*A )

= 91 BN E BN~ X EFEEXEE® - EFE EFARD
= =— (-7 & +(E>*r o)A+ 6*3) (6&*-A) — & g,
IXI )
Ce*el)A >
(6¥0) - e¥a -Ix1 80D bl & -0y )en;‘ + o o }gl\(ga\n ,\A

et (
Y70




1035 Supdk. ¥ | -

Sate Fﬁg [ L

i

(13

* EMAES Az E?k T
= i * * b Py Ty, R ~‘a T X ’
— N (\X\E‘ EE - IXIO B R B +(65-6) EVATS
30 .
- (EPEE - N6 ETEEY + (660 EFA Y )
L *2 b
= L OB BRETRE X6, R Er Eo B+ (62567) BUTIAT &
(e5*~e3) ¥
—2 IXUTOX BB B Bo® +2(XI(0)-67) BFE EXAES
-2z 1%l of (o2-er) BB B AR | :
2w =
= (e;*ie‘*)z {\XlQETE\E;f BB + 0] pto) T +0F-0N FAETAE
ov ' N =
- ZP;U)@TS? J — 2 by o (e2-07) 3 ;:
+ 2(o% T)(@fs.—a.ei‘v X6l T +onleg-02) B+ (61(87-67) ~(65-6) A e
- (ei"—ea");\"z) J r
, Nz- "g
(@e@?rq@\j of A ) s
‘ 5 - ~ z;{
T e 2 \M (oF-e2)" =~ (of-of)” +2(eF-00) j i
(o7& )* L 6:-8, .
2
— (,e;’{(.*@?‘)l ?2_(2)‘1)1([) + Le;‘el_) ?2(2) _1.?\(2) _ 4P2(()' +’?\(\) -
(67~ > ©&-~0 i
factr= % (-t - b)) P -Pati)= 'cl;(e;‘e\l‘ Qd@z—e\))
P}S-)‘Pel(l)*-e"'t:’@’, = C'j: (ez_’l' 6‘ - Q\ -+ QL )
2= * L

l

o *E EL* R =
SEERAK %

. ~
((efe,—a.e}— W) T +eileg-62) BY

o/ 4 2L
+Lenef-or) —(6f-e3)) A — (ef-0)) A )
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leclure 36 Wed. April 28 (993

let ™ =(X,E) te Jdistance Yegu\\qr oft dlameler D23,
Q- pdahom‘roQ wrt. T, By, -, Ep. | ‘
T xe X wonte E? = Eftx)y o T=TM0

LeX W be. G Irreducible T-modude of diamdler d,
Rewll 4hod  the end\fxt)o{y\j‘

YW ) = mum {4 | 052D, BIwW 03

Der.  The dwal e\_gqv?c;\_g Cwrd. above Ordev\‘v\é Eo, . Ep)

Y"(W) =ain {1 | ogigD, BW#o0 |

r(W) =0 < ¥*(W)=0 < ‘\/V:’hri\r\‘o\Q T-rmodlo
' <b3 tewwmo. 21 (lec (1-1))

Suppose W iz tin . Then W r dmal thin,
Cba_. Cor \6.‘(Lecq~4)) '

Moreovrn | ,
S\’L\, \ EW =+ 0 j SN A SUXQX‘Y!—TQ'(UCLQ St {0,4;-; D>
( Sawme ,Pruo-ﬁ’\ os for aAdloma (\,uamlou\, e

Levma Q' (Lecd-5) AX = AT o),
W . irreducible T - yodude . a*= {2 | BgW=014] ~1
+0 A dv-gl=t '
Gy ATEJW S BaW ¢ B3W By W
o<gsp  (Bg=o 4 g<oor 55D
B mw e A mejemear
N =0 A0S <r) or AT D
(V) ELAEJ* W +0 U H-j =1 Cy%sa, g rr+d™)




v Lec 36-2
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LEQQ Cmf\‘(im\md:

r Pmo{- (1) Lewmra3S (Lec19-8)
-* 1 — \ p—
BELA EJ =0 <> 8_«/1 = O
Lemma 41 Clec 22-4)

I

P Q-poly. <> %§1 i =0 ly-al>

*o . 1§-ul=i

e BAER ﬁ =0 4 y-viz)

v D e I R
WD rew = (2 E;,) AYE;W

=0

= B ATEIW « BiATEYW + BuAYEyW

S B BT W

) Suppese BjW =0 for sowe §  (VEj < rred”)
; Then Y*<\')‘ ba. AfinaTorm O'f_ r”
Sex | Ex W+ By W+ -+ %1\)\/
Thaw W ™ T-inu. - G OS W £ W.
A ositradacTion,
(V) Suppose BwAYE; W=0 v so ] (y*<3<v*+d)
Thoa N~Ey‘)‘W+"‘EV\/ RS S RIS
If B A*EJW =0  for some § (¥*<3 Srhd)
Thoe W = BEJWar-+ Evad® s Toiv
Moveowt. 0SW S W  in both wses.
A ontrodacliom |

2R
n

BCer. LeX W  be an Irredamcible dmo® Hun T-rmedala_
C with .uald adpon it v dlaneten a*
Lexr  dt = a¥w) «C sifafyog
bmx ATER ledhiw = a® 1] Baiw
Lex xT < 4PN &C S&T\'s-%ug |
Epigiat AT Eprei AY Evresn {Eax. \W =221 EV*‘MPQV\/

WA e
] ¥

R

-
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Sl comtinued

LemnalS ClecG-1) With akove nstelron | Ha ‘Po\l()uoi»% hald
M el e R (osisa™)
Ay xFe R Cigisd™)

) Lt
Gi) Prck o=+ wi € EpW | Sat - wli= Epg A w3 Y

> - x
Then  (Me) WP, Wi, -, wigr i3 a basis for W, wi<wes =0

N * \
G b) A’xwf = Wiy -tGS"u):2§ 4 xlwk logvsd”)

GO Define 5L p%. -, pares €RO by
=1 A pd = pharad P+ ocd pE Cosicd® pi=o
Thonn  Gua) Jpg‘(A*) wF=w3r -~ (o= <d™n)
(vb) ‘P:\*ﬂ s He nmuinime® ?olanov»\kc\ﬁ.o*(" AW
. 1
Proofthy A% i o) ES OF = 1) = (B, R
) q=0 B(xiy)=y
X = anm mz»nvam Gf o nood sammﬂ'frc, LA LEN
EacA* B4
Gy B = Bl A" By
x\‘.* S O Qi %evxoc&% oft a veal Sémm‘t"'l ey ix BtB-
Lex Spon Uy = Eoeia W

o Boia#Fo by Lemma @' (iv) For \s'{a$d*
Se «x¥ eR?° Cils e gd™)

(Ma)  Obstve  wi= Epy A" BEgan W3
So wl#o (0isd*) by lewmaGGv)

Hema W =Sgon (wd', -, war ) by Lemmal'di)
(n ) AFw? = BEvin A*w? + Baq A WE t Bpeaa AT

» * * R
= w;f, + Evda A Boei wy+ B AT B AT B Wi

_ >* +* -7\ *x *
= WM O W+ XL WA

Cva)  Cleon for <=0, Assuma OK Ky o, ,
P (A i = (A= af T)wt -xFwl, =wi,
Gvb) B% LT '?;.(A"‘)w,;* =0
Sircee W=1 p(A") wd | (e COrI 7
Pam (BDOW=0. ca o ) @ e minimall poly.

> *
_Gn Wyt WAt s o hawis

1
{
i
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E'Ell CU}!\"hY.\JAlQL

Cor 16 (lec9-4) With the nekdo abowe
Ler W be o duwalthin iveducible T-modulo with dual
evxotfo\'vd’ *(W)  od duicl dbawmeton d*
Thawm Y W s
iy aF*=d =31 BE¥W =0 Y] -1
Proot . SeXr as in Llewma 1T’
= pLA™) W e EA W
Thea wg*,w,*)-»)md* = o bass R W
We have W= M*w
Soe  BIW = E? M*uoo = S?OM(E& x)
. Thaws W = thine od 5o we howe (i)

Sl Supprse vW) =1 amd ¥¥(W)=2
“Then R=) U= O.
On ‘H‘\Q O‘t’l’\ﬁ/\ howaot

(2] \Vg
EFEES = &—‘«ez-e;) EX+ (0709 A 4 o3 )

Sine Eouv =0 , To =0 . Sv

* * l ¥ an ¥ IO x 2
o= EVEEv = — (6f-0)E + (&~ 8S)A + 67T ) v

Ixi

b \ *
= — - — (6-8X) a .
- (8, —0)v =+ ™ ) Ge(W)

QolW) =& W\'\AM daten i nad

osier
il

sy

freiozn

Pivior

518 ,,;.1

m

a,‘:ﬂl

£

bks? pesst

S I B

B ey
R i

+{
ol

fsad



3&}\7?032, yiw) =1 . Thow d(W)="D—2 ov D -]
\9‘5\ Lomma 28 () (Lecid - 2) (See Asg  lermma2d (lec 4 ‘4)
Coase a(w)=>D-2.

Tham EW =0 implie s r*w)=2
EW o im,(;lfes YX(OW) =1

Case Alw)=D-1
—_W\Qh, Y’*(W)z i

Up to momorpbasne.
ot ang o most @ Hun trredacible

T modales ' rowW) =| Y (w)=1.
Hhoe ak oX wost A T trreducide

T roctulas rlw)=1, y*W)=2
Tot e nona T | rregun ol

T-meodaldes r(W)=1 Y W) > 2.

B\a Aual CV\,BAAM
Fhew awe ok meosX 3 Thin  tnredaunce bl e

T-modules y*w ) =1 , v (W) =|
“there are SX wost 4 “than ivrvec\,ux,{bie

T-modunles Y W)= 1, r(w=2
thew 0@ nowe Han  ireducaible

T—M@,\les -Y*(W): 1 y(w)>2

el
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|
|

C_g_v\decibie_ et T=(X. E) be a Hi ashra I
| ‘/\98/\)\\0/\_ 8»«%99\ of  Addamgter. P23 . :_.
- lex £ e oy priraative \\dszvvxfo"fe»\T (Bv# B ). r
| Thew 4he %How\‘% Qg ,Q%u_gmlgvﬂ“. :

(1) Tor Pxe X . - there @ ovo irrediicible  T-moeenle W 2

Wity rCw) > 2 andd  BW=*0,
There exd@ls X meosX 1 trreducible. Tomodula W §’
it FW)=92  and EW=ED 3
o 2637 03 nwesT 3 jrreduclle T-nwoclolos W T
w it riw) =\ ona EW*D0.

i) ™ = @-Polawv& W\\'\T- E

Cmﬂ‘ecﬁ(‘uve Cler T'=(X £) Pe acfonte /\.Qarv&\a/\— _
st avamete. D=3, Q ‘PO%W“Q wrt To, Gy, . Ep
Frx xe X, wrnte E? = Elony, T= T .

LeX W Adenste an irreduiciie | - neduwla. worithe
ndpin v, el okt r* ) diamete, d, dual diande. d
Thea '
¢G> da=4a>
Wiy  Thoa exxls %) (YSA-SY‘+G\> s.t i
| = Aim EYW £ dim EXW S SdimEdW 2 PdimE:;lv\j.:\‘.Nj
(W) Hors exsls % Cy*< 4% < vy d™) st
|=dimEpW € -+ S dimEBEgW = --- 2 dimEppdr W=

N P PRI B e ey

,,,,,,
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_‘91)_;_‘2‘

Ler  TM=(X, E) be amfance sugulon of dicmefer Dz3
- polynomial  wir T Eo, B, -oy Eo

Tix xe X, wwnle EBEXA=TLEIx, T=Two)

Llex W dumote imedwcible  Tmmoduwle with MFO\‘J 1

Cov\dec_lure . Tha —%\\ow{v\% ove. Q%uiua\e;,\"r ,
N * * | *
) Tho S‘Q,WY\.LD. dim By \N/ Aim B, \J\/) SR T ED\I\/

exualo 4.2,2, . 2.1

an) v Av Ao, - A‘D—-‘J—D ,
* * *
v, AN, ALV Apa vt
. *
(3 a baSB 'Qw W y wWhere OV €& T:\j \/\/ and
@*=IX1“E\_\Y
GV ) \f\_‘.: \)‘z_+,“'/ \-TJ/ W)_—, V?}R, P 'U:l;:)

s o basis for W, where

+ x —
VU = &y A v, = BT AW U




o lec 36-% | |
Jate \'qclg Q2 - 28‘ . .

E&M‘L L B denste the Oﬁ}\oacw\aQ bas ¥
for W oblounea ba ‘Ov?pté“\é He  Gram Schmudd™ =

- prowdwnd to the  basiz v Giv) :
Trd the  amoix re?vewﬁ}g A wrt. s basis,
T bhelleve +e owbries are m‘CQ.(é fadorable
expressions in - Tha -bas’c varrables .
% 2. %, v, fz | 7
(B war  Theorem )

I

1’?‘ nst j '@\‘ nd  SomQ ne \DQSB -'Q)y* W and
L B amdrices Vegmwﬂ v\é AL A* w rt
m basis. '

Perhops  soma oﬁkoa«:rw& basis  based  on (ili)

A{%e_brwm\la y euer&ﬂ«)\% '3 dtevmined \Dé the
intenseclron  Mumbers  and Ao(W ).

' Cc‘mb»‘m’tovml\a/ - v %u\q»«‘h’ﬁe\s o™ Ak
Y n%o’txw \\vd‘re,% evs, D)es Thas R ST
rowr boumas  or  othtn hformedrmn e Qo(W D ks

I

A

L N N I I

.-
!
|
I

e

Rl o Bae
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Lecture 37  Fri. Apil 301993

LeMMA 66  (orignally  Lemma 63 codinumad )
letr T =(X, BE) be o o\\s.Tvace-f\Qaula/\ %rofﬂ ot~
ddameter D= 3, Q—Fol‘dhom\\&gl w.ort. EBo, B, Ep
Fix xe X, write = Bleo, T=Toy :
Lel' W be an imedmcible T=mecdunlo st edpoind 1.
I am Ew =1 , Then W is i,

Proct. Pick o=+v < EW.

We woinT 1o sbww +al
- ERVa e’S?oM(R“v) (bgisD~1)
LRYV ¢ Sgoam (R7' ) Cr<agp-1)

We houe thaX
(D) FRE] € Spom (RFRE], RIFES | R7E])D  (ogjsD-3)
() LRYEJ e Spom (RLRES, R*LE}, FREJ, FRFE]
REEY, REE], FRE{, RE]D  (o55<D-3)
bé CorouwARY 53 (lec 30-& )

Cldim (0) FRY~r € Spom (R%)  (0gi<D-2)
) LRYU € Spom (R*7y) (1 <csD-2)

[ BS] Basf of Claim
' o) ‘Bé LEMMA €3 and oun a.ssuvw@‘rvvn .
dim EFW = dim EJW =\ |
Se RU+0O oo EJW= Syw(?@)- \ "
NQ}mo.Aa assums 22, Then Q“Que EaaW
TRV = FR*R“ 7w <
R{FR+ RFE+ R)R v |
B\a iWTHTVV ;(5
€ R(Span®v)) = Spom (R¥w)

<p-2




l
|
l
%

|
\
|
\
»
\

o lec37-2
welgas- 3

x TH_S:{ _Crvitinued.

() T8 L<bD-2, then Ry ¢ ELW  with <1 €03
Henw v
LR%"\J‘ - LR:Z (P{J_U_> .‘
= (RLR+ R+ TR+ FRTE+ RE*+RE+FR + RIS
By ingadlion  ard @D
\ e Spom (R )

Suppoze’ Ry =0, Thoav N
Spom (v, Rv, -, PD_2U‘> =W
= invadond umden ML M hona und T
Sine W 3 irredumcible W =W  and
\/\f o 'ﬁ/\in v "HN‘«O calr .
- Observe. s | v, A, A e S’?o.n(\)‘,Pv,"meA\r)
Hewmee  eadhv , '
'\Q‘\’U‘ S a PO\amW\R‘C\Q at cm%\p_o, Ao n A
applied to v and
S'FOV\« (v, A, s AD-?'\J' ) ;
= Spow. (U, Ro, - -+, RD—"\J*) v
= Spom (v, Arvw, - ---, Apa v ),

Al D-l
e =0 : .
| ¢ Spom (v, Atw, -, Apa v )
: T\M!O’ '

M~ = Spom (v, Rv, ---, RO )
Therefore . |
Span (0, R, -+, RN ) = W
s tnnandondt umden M, M*, L Wo bawe W= ad Wog thin.

e

iy

»-»'»-y\«‘ PR petoa

o

T e e e e e e
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o

B ilas e
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DerF. Llex T=(X,E) be any veauldn, groph
(vot  vacssonal Connected . )
Lexr A be the ad:}acenCé rrctrix o:& M and
T be the all s mdlrix.
Pk 0% B e Mok (@), |
P = o\_%v«o.mhzed &éﬂacenca_ mddvix A

(i \*X/éeX : Bxé#:o - AIQ FO or X=Y

() B = in the quc&%zbm of M;J:Tx((:) 89/\(\91&5{ EC‘JL
A, Jd.

Example . Ahé nonzaro malrix of  form
At el (uped)
s o generalized oddacency el i
I T = axlona /\%/\JL\CUIJ; as  ganemlized
' ckdéacsancé mclrices are of This form.

let T =X E) be a disfance- reguledl graph of-
dlomater D 2 3, Asume T s Hin  and
Q- Po\anom.to&. . «

Pk xeX , and wrile E! = ET,(X) , =T,
Then o

EFTEN = Sen (3 EL AL RS A7)

Anc\ ain E:\*TE\# <5
WQ vl Pr@dwk& o “‘T\A\LQ_," sPc\nr\,\Y\% set i
EFTEX = Seom (T, EF, A, A=REAR), AN )




LEMMA 67 Covn% v\odl/ Lemma 64 )
lex T =(X,E) be a Thn ouslane- raglon amp&
of- Arameler Dz4. »
Fix xeX, ad wile EFf=Elo, R = R0,
Lex Ty  denste Tthe vertex Su‘ogmfﬁ, induced oA
the 15T sobconstituent of T relahive o X .

Thom _

| A=RNHYT EFAET — 1)
S Q %QWEra\\Z.ed C\ddqcenca metrix for Tq.

for 2 (1< €D-3).

Write  T= T&). TFix & (1w sD-3),
Rewal) RYe T by Lemma B4 Gv) (lec31-1)

Sina CEART EY = R° Ef - (Uhky Lemma 54 () (\£c3\—l)>
Ae EFTES | |
o VN 2
=S?O"‘A<3/ET1A/ K, )
| by Lewma 64 (V) (lec34-7).

RHence A safisfies the condifion (1)
off Der in  Lec 37-3.

sPurwo (), Prek \é', z e X
st. 2Ghw= ) =1, Hy2)=2
we need o s
Ayz =0.

Su??ose Ab% + 0. Thom
CAG 2 ) +o.

U\)Q w\\ S’Bunp "ﬂ/\,«/_) .(OmrnST_ LN,

w:u;’

i

Sy

poee

5—-‘1411 B firmish

1
i

PR ORH M W e R [

[

[”_f
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pae]995 - 3 1
Notafion Sej‘
Ey = Eleo Efep  (ocei<D)
X ~ , ' .
E23V= S?am( m\ we X 3G W)=t By w)=] )
Co('\‘/\’) D)
leX S aencte all 1s veder in V.
Ler
o 58
J J
- 5

W& X N
DX, W)= , oty w) =) '

Nouws
A% < Ex\ (_X) \/ . -

= E100‘)\/ + E“ \/ + E; \V (or‘ﬁ\oaovug divect sum )
, v )

SO. YAY % = S.\T) = S\T + 8\:

GbSQV\)& B ‘ g = E‘:\/ = nOl or an& o AQ .

Se 5L +o — (2)

Observe Qa‘](ggﬁ‘fs:‘l‘&:) :

—_ Rc—lAg

- ‘RC-‘ (R-\)'\‘.—I E—f ALE?(S
= EXAEM] |

r sl Qbeccuwt o~ Rach  trredarcible -tl_\)h amodanla watle

Stomdond s Wy, Wrey, -, Wrad |,
_\ -
R Wo= Wiy Ay 'P"Ny-"—'o W

EXV q:o\/‘ﬁxmzm\o& Aved 5“"\0’{\‘"‘”\ . rs '\)

:—SMeE \/



B we e conrol PC—‘ BIJS , .R"HS:

Claim, RESSV < Q\jfdﬂ\/ + E;S*:j V.o sgso-n
Y:Pmd% of Claim Clear.
Ba Clain

) *
RS0 € Eom Vv andt
Y ® |
R7ST e eV + ELLV.
Hemew | we conclude +hdd :
- A -l et -t
Q“gz :R'”A2~Px\<ylo“gugl\
' | ¥* 3%
€ EgaaV + BELV

| * -l ~ t
B v o= Eu LHRL S N
: . *x o1 *
o= EC ) A Elz gn.

= R(g)‘““&; , — (3).

By  Lemma 55 b (Lee32-1) .
Ry BXpV — BV

s -1, sina " s Thun and - <4 s D-4 .
So S\;\: =0 ba (3 ).
B this codtradudds (@) Heme our aGssum

Aa%#o s false, ond tha wndhon (1)

Asfinition of Fnerali zed o«djauemé mdalrices s salisfied.

This . proves The [Cmma

i A
[ RN LR

B

b

vibd

it

R R W P e R e
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(07;6,'y\alla 65) ‘- - . 3
Lemma 68 let T"=(X E) b @ thinm distomea

/\9«8\/\\0\/\ %mp%\ ot diameten. D25,
Q- /Fotzynom?cgg, \)‘)YT Eo, E1, - » 'ED .
Pick  x, 3 e X sT. QCX:‘E_j =1 .
Wiite EX = ESooEX4) (0S4, 4 <D
! ,\ﬂ ! A Q 5 \"‘/0 > ) ‘

Gy Emx AET ¢ BV — EXy s 1-1

() YzeX st 3xm)=3(gz)=1. FweX. st
Slu,x) = (. yr=2. A=

Proot . ,
(O Write Bl = E?CX) C RP=ERx. F=F¢) ot |
Swppos.a_ '
| F ot o i E\T‘\/ s.t. ‘E;_A E: v =0 — Q)

Claim1 ESAESABS v#0
p)'o(ﬂ: of Claim 1 ..
Recall bé LemMma B Gy ( 3s 5-2=D-2T )

Ry BNV — BALpV

s 1-1.
Sina AT E€ E\*(a)\/ . we  find
ol QBCa)'\r‘ |

= BEa)HAYE )
= E @ ATESw A S
= Exly) A hg_o E;\:) AEFU

= ExWA*(E3+E3) ARS v




N

= B AT ELAEN v by (D)
= B AT ESA B -
Thia proves “the  cloime

By  TThecem 51 (1) Okcays)

0= (95 R*F + RFR + g}FR* - rRDE = (2
HS|  Thms) ) B T

(9T FLEFL + 9L R - v L* D E* =0 (22 ¢0sSp)

=3 R '

FMas FR+ LEL+ 93 OF —r ) ES =0
‘Tcxknv\sé; tha ‘rvmspo.s&. we.  have -

* —
Es(%gRFl+RFR+'% PQ——&L)E\ 0
Hemw we howve (2).

,Mu\'tipla_ cach term on {e‘F'F La E&*Q‘D, o YFZ/LT ]pa_
EN(Y) . we Finel

0= 9; E34R FES+ ELRFREN + §EATR B,

- ¥ B RTEY
%3 Ega, A Eh AE\\ + E34A- EZB /'SY EzzA E‘n
— %E%AEQA% co T —3)

A?Pl ying, thias to v, we‘plhok by C\) 'T)\OT —
o = %3 E3<|.A E]y_ AEH_

So g =o by  Clai 1 BT

‘* — - -
- ef-es )

q, =

' ba LCW\MS'Z
0 . G covibmdicTlm

o —o3

L il
it

Wfl!sﬁi

1

I e
' Co

oy

]

Rl NN "'l Wy

e

T
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Let r, =, <) be as Iy LEI‘flMA 68
We saw in Lemma 67 (1ee37-5)

RIESA2E*S =85 + 8
where S € EeV =Sy )
S\T & E\TV N

Der. 4”:4’(&5) e C b‘}
-+ ~
o = k{)lc-s

We wll st tHex \P(x,\a) i< ihdaf%devir of X,a,

Observe . R, AL, BEX ¢ Maxy (@)
So $e .

| ’vﬂSt, stswo \IJ(X,U)=“PLU,><):

’LEMMA &9 C O)’\\%iv\c\ﬂé lemma 66 )

With  the notelom of  LEmma 6§
( By A ES g'\“‘* = 8y, -

W) Ear AET S =Py )&y
Wy ¢ ng/ SL> = Z_“:- Pix, y)
Gv) Yoog)y= Yoy, %)

V) E,?;AE,T.Sﬁ = -Puxy)diy




Y lec3R-4. ] . | | -
ose |Q45 3 - D -

o Prost H
' Wete ¥ = by _
1 R=R ) BN = Ele)  ete |
- R(SLA¥E) =RGT+SE)
- B = R® (BSSAEY NG :
: ] . = B ARG 3
) = 822
So  Bm = R(GST4 93 L
| = EAET(GT+¥T)
- = EJAEIST + VERAESYS
D) O = E; 322
= EX RSV +¥Y)
_— ENARIST + VESAELS
= ESAEN S + ¥8s

I = (593, OS2+ dzz+ 823

= CR(ST+9F), Sae Smar 82
= LST+Vg, L0+ 8nt &)
= by £ &1+ PY, Botdur8ip }"
— b shsy )




Date{qq;- 3 2
SD <8\T, g”> —_ b;‘ /10_?_]1 N \P
= Y2 _
Ca
= - g - =1 G2
B b'}l?&ll: b1l’—4f);2 bnl—j;galf);_ 1 b1e\2—_€]
' —E1 \ 2 2
(iv) Z\Zh“rerd?\omging voles of x, 4 obove,
we '@xnc{ h

Reyy! Eo (Y) Az EXyp X = ST\/ t ‘Ptﬂ.x);
W

EQ?AEU*(SW) = (322 4
So

-/
Eor AR (S0 -31) =0

Hena XT: \TI SinwQ
B AR - BTV = BV s 1
Nows
o — Yy = SN ) —
\
%l—\PLx,\J) = <5\+‘/, &1
Thao Yooy = Ply.x)

(v)  Immediate Hom (1D







Noo | oo 39 —|

Datequg' 3 . 3

lecture 239 V\/ee\ Moy 51993

ASSLAYhe = (X E ) NS o . o\fﬂO\MLQ /'\Q.%,\LLCU‘L__
o8 dv\‘QW\Qjer Dzs . oL “
S - ?@(’anow‘c& wa, Y'\‘ To, . D_

Fix xeX , wite EUE E] (x;, ‘R Ro\) ‘~T<><)_"

Pek geX, soep=t. e E%’E = BJW EjLy)
By~ B8 — A=EAET

g N -
Rewal]

RED AQE*% L S: - kl/(x,é)g

L t\\ \/
SM B \ch \a) = \Ply, %) -
e se\owo- &Qua-@" velowo ot -
Wx, 4 rs—_ind:zp%o@\:i' of odge. .9,

LEMMA 7O (On%mata Lemma 67 ).
\/\/ th ‘W\e above na’(‘o{?xon ek Pi= \Ube 9.

Gy s = RSE - -9)T T b8, € BV
(l\i) SS(X,\J) —_ Sl\(jlx)_ R |
RSt = 8L L« Sh o+ TZ‘“~‘—~<«>‘

Sl;: E]‘). IA\EH _g_l\,\ _

,# —Pxy) Sz
by lemmA 69 (v)

()




Oate\qq§~ 33

Alse
Sio = ©F ot e ke

‘,! Nsum ',!r"‘,n ‘.

= <80, AS>
= 8T, S0

. Q
S ¢

{q(p.-jﬁ [;1;..‘; PRTE Sy

Soneg
o

(2)
So\\ﬁh% Lor S&T in ('\)_, ‘usihé (2).)(3), LQQ)\QUQ
S, = A&l- 85- 8,
= AST+ VS —T-¥)T.
W) S |

8\—\ = E\TAE\? S\T)

we. W g:b‘/‘:;) '—‘-Stﬂ:(‘jx)

i -

F.'n_,ws

M




¢ . EHO
4 : - E (e PR

Lemma T (GY\amoJ L@mm 6%) ) -
With,  the above hetoliove. )
Y=Y wu) s inependent of U, U
WLve X dtuoy=1{ ) -

Pk - |
Le)‘c X, g be as above  (x~y ), axd pik j
2e X e Hx,z2) =1 bud gqté .
_ﬂnen & osuffice o showr
Yo,y = W x, z)

Case © Bc% 2) =2:
ST A= ARVEFALE]

Okseve . A ¢ BT ES
. and E?TE?‘ s Summetrne

b% Leymma 61 (LQ@SB,-VT) = , b._

Hem Ag-‘é = Azé. S

C Sine A& Mary (R).

‘ Cag, gy = <ot §>

B
<63,8> = <AsTr Yoop§, TS
= (KST, TV (e Bty

E GG Yese 2 ”Efj;;wfé)g
= = q’(x,é) : ) .

Sindadly,  <ag, g > = -V

Hence Yooy = Vix 2 )




o lLec 3G-4 3
e (445 - 3 -4

Cose 3(y,2)=1 = By Lemma 68 i) £

Hiere exsls we X ST ) : : . :—

LWy =1, 3wyd=2., Slw.2)=2. ‘

Now o - % .

Y(x,j)a\{’(x W)= Ywmz) _ }f w .
Frovn the FirsT ase. z o ;
- - 1

LemMA /2 (oﬂa‘ma\\\/ 1EM1%A 69).
With the above nstation . | - 2o

@ A= REFAEX - YES

G A= KAT-(Z9)Er 49 (F-R-E%) 1

 ae ~ both Generolized a%acenca mclrices for Th f
1
4

Suk%m?& \nmm o the 1 Subosms‘t Tuewd”
with respedd to x. -
Moreoven AT , A \'\cwe_ O dL\G%JY\DLQ

Pree - yze X st 3 y)= o 2)=1
Show  Ade, Age ae both O

T 9qE) =06 e 2. - -
- - i
Sine /-\*g &EIALE é -~ LPE g jgxl -
A s<Ag>
= (SN, 2D -




= Rsh - (T-9)8 s vs,
= 51—\

A:{ 5(‘1».%);0'0f 2.

Sine E?TE\* = SPOM (%, E?;K, ;‘:\'1, : )
- by lemma S| (lee33-7).
AT AT are bothe generalned mmatrices for the
] Su‘o%mfx&g_ induu}ol on the {5 subwsmstiluond
Z  with res'?éc:\* 4o %, -

- 'Swmhqara
EXTE® » 3, gF A, A
<

A

Z

— and  dim EFTE® £ 5.

—fad  With the  obouve o@suw\P”rm,_
EfTEY = Span (T, B, A, AT, A7)

_:_ Qmowa wot be ?rdl‘:§f\de»:l—).




Lermma 73 Congrally 70). - -

Tyorx = Ty g (Hoe B(Lx,j) =1). | .

Proof N — —

T(x>% = TCX)E,*% P

= MBS+ EM)Tw &75 (e [ s thinn)

= MR+ METTEXG

= M3 4 MSPM(E;E?A,A‘».A\MJA‘)Q' - |

- M X + .l\J\.‘SPOV\ (&2t SHTSlo.‘,‘ 8(0, g“/' S\TS\T) "

= MS?W(_SO[ , 8o, S\\;egi:r, S > ,

‘B\Jﬂ«o_ ‘.da/vn‘i“t/ of those Cmo\,iT;'b‘hJ _ckoes nat Ci‘“"‘j”& .

i,{ we ‘Y\TQI\C}‘CVV\%}L X,fa_ — o -

|

5 ;'..-;'T,'i P“‘m iy e

}

e
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i lecture 40 Fa. Moy 7. 1993 (lost Class bav) .
LemMmA 74 _Cortai-m\\a Lemma 71 ).
Wit the above notation . o
lex W derste “’{’\r\w irreducaible T medule, O\Q,
th?o\v:l_‘ O or 1. n .
3 Pk O+ ve EVV =
~ 2 - - ‘ | (W) = : 4 r(W) =0
W egevalbug for T - o = %
) : ET I | 1
G | A aw) Gy
e LGy AT g G_r(W)_%—""P . 9621~ \? o
' ' - ; I T |Gz w
: = '"“"2 -
(.V) - A Q.’(.W) QO(W) Cy ‘l’? Cs ) Li,‘ 3
- oy e & ba ¥o - - T Theo?e»n,FSZ_ :
b+ Yo @ t2-C) — ¥y . (Lec i:67>4)
- Prco'e | =
Gy — (\\\) C\QOJ\ '
A o G AT = R"E?f Ay EN— P EN —
o A2 —_ Al - G A - PRI— '
. s Cl » T .
ATaA - El o

= = [RF+ FR- alR+E.*

_—el




‘IC_“ALQC'%—Z
Oate [Q‘?S S 4

IH'

W=t Al =

(@]
»

iPRT—“\)‘*R%Rv RQR\;}—L{J\)—

RS

1

N

%

- = v'{ %—(qo-a_w)fc_a.»(w)— q,)‘—'QJ }

- by Theorewm 32 Clec 16~4)
So e - : :
2 A*v=v§%(aw)+zr S R C S g/) xp\]
o) %ﬂ,_\vb | -

fW)-o Av5w§RR?u+RFR\,— o ] R\,-l,-\p\,_ ,

- alw) ' C\z(V\/)

2

=)

(V) ImmedxotIL "\:"D'VV\ (.I”\/) and
_A~AA - (2 W)E+\P{JAE)

»_ rw) =1

:>.i<qck.w)(——1-zq))— %z )U_.

~

L RR W) v & Bla (WIR v = o BB | ~¢or

BJ _O\(,W> =" afﬂ:;\fo + Q‘\_" f‘Cz , a(.o":c{o(w)_fl ;‘

- 4-C—i {RRQ\V+R Qz?v— QR'R\J'?"“*"%J“_' .

A= (e[ 2o —‘P) ~(59) w4 (mam=1) )

BE I o BN oo o

i
!'_-’.a-?

‘“;':ii“

}

e

)
i

PR e B R e



riw)=0 .
1

Ca 2

Mg = L(gg_ - (G-v +Lvn%-f:n-f-) ca
RCRIRG N

= Q@\_‘«) &2 4 (R-2a0) Y ) .

C2

Lex Wi, Wz, Wa, Wq dendle < Po‘ssib‘@.

'_ isomorpbism  classes oft - Yv\ocﬁﬁu\es of e,v\d?o{y& 1.
GolW), - -, 00(Wa) are regts  of  4th degea |
?olémo‘m@ag wiose. ‘coe?cl‘uln»i\‘s. ave dsitoumaned, L2
form inferse<lisrt mumabens o—% T. -

Se  Golw) , -, @ (Wa ) are determired ba itenseclioh |
Lex e denste e mudBplicty ol Wo Geisa) -

. ~

(= anuktiplicty of aotw) a0 egpmonlos o Alry)as )

LemmAa 75 Co\/\‘aiv\q\ka ’Levhmc\«7?‘_)v o
W st i‘m& obove  MOTEliow -
Q! (\((\h’| - / %4 are cle”\mwdv\éd 'ﬁo‘:‘n }n+éw5ec1mh
fuunbers — and \{’
GO e | 3 \nde?ehdemT 5L verfex X, (\S‘qu)

QW &2 Ao EIXT Eﬁ( S mdﬂF@v\deJ' F 7(




Da(e[qqg' 3 s

Proof

o)y Lex Q. GETTE* <l<d<4) dev\o‘fe
“the @YﬂwaOMO\Q P o tha  paxime ()
ngems?quz @f (E‘ \/)W Covvesw‘né +C: >\Q

(e =0 >\ does wat G—?Pem)
1 w
,,A‘—QO €, €45 » “es eY
-3 % o o o o
B 4 o 1 1
Iy Gt QW) OGWz)  GolW3)  adws)
— A (E-v) COND AT Wa) gt Wa) atiwg)
AT ) W) S a ) o k)
Observe Q%t .. Taw el = ok e = Q\'; ((5{54) '
v — Trace €6 = rank €0 = {

lake Trace of g, ET, A','_'Afv, A
W€ L\aoe_ '

_Er —_ l “+ r\f?‘ - ({Vv‘f\a. =< 2:‘3 + ,:\VTq
o~ ~ o~ o
O = G 4 Glw)i + Qo) + GoWI + (We)ma
— = ~—\P) t AWM, + @ Wa)m, + dwy)w; t g (W) my

o = ( )+0(W‘) m, * a(W;)Vh +Q(W3)m3+ Q(V\M

e ] ]

[

1 sl

b
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The coeflicerd malvix 'po‘f my, -

(This & wtst Ao

7

Y(\YJ\q S nomsmé/u[a/\
n22d, 4o checde 1o sPiswo L)

1 | 1 A A )
QoW L) ac(W3y) QQ(W3) Oo(\)\M) _ ColWy)
QOn) ot wa)  of(N)  at(Wag) Ty
o (W) a(W2) alW3) « (Wa) Oci\N;)(%’;I-z\P)-%
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SOME OPEN PROBLEMS CONCERNING DISTANCE-REGULAR GRAPHS,

THE THIN CONDITION, AND THE Q-POLYNOMIAL PROPERTY

The questions below are unsolved as of May, 1993 (to my knowledge). A com-
plete solution (or even a significant partial solution in some cases) to any one
of these problems would be publishable. I have tried to estimate the level of
difficulty of each problem listed below. A * means I believe the problem is
relatively easy in the sense that it can be solved using ideas from the course.
There are no conceptual gaps to overcome that I am aware of (but the calcula-
tions might be quite difficult, however!). A x =+« means I have no idea how
to begin to attack the problem. I am only mentioning problems of this kind to
give you an idea about what is known in this field.

In what follows, I' = (X, E) denotes a distance-regular graph with diameter
D > 3. Pick r € X, and write E* =E(z), T=T(z), R= R(J:) F = F(z),
L = L(z), and consider the followm¢r addmona.l properties:

Dist: T is distance-transitive.

Q: T is Q-polynomial with respect to the ordering Eg, Ei, ..., Ep of the
primitive idempotents.

Bip: T is bipartite.

TH: T is thin (over the fleld of complex numbers).

Fewl: The subgraph induced on the first subconstituent of I' with respect to z

has at most 5 distinct eigenvalues.

Few2: The subgraph induced on the second subconstituent of I' with respect to
z has at most 16 distinct eigenvalues.

Z: For all integers i (2 <i < D), and all triples u, v, w (u,v,w € X) such
that d(u,v) =1, 8(v,w) =i—1, and 8(x,w) =1, the number’

u

}

zi={ylyeX, oyu)=(y,v) =1, O(yw)=i-1}|

is a constant that does not depend on u,v,w.

The following implications are known: Q + Bip - TH, Q+TH —
Fewl, Few2 Z

(1) **** Classify all the distance-regular graphs (with sufficiently large diam-
eter). If neccessary, assume some combination of the above properties. (My
personal goal is to classify all the graphs T satisfying both Q,TH. I expect
this will take a number of years).

(2)** Assume @, Bip, and classify T.

(3)* Find generalizations to the theorems of the course for non-regular, bi-
distance-regular, bipartite graphs. DBRG




(4)* Assume Q, and let W denote an irreducible T—module with endpoint 1
that is not thin. Find a nice basis for W and find the matrices representing the
adjacency matrix A and the dual adjacency matrix A* with respect to this
basis. Perhaps assume classical parameters. Theorems 51, 54 should be useful.

(5)* Is it true that T is thin over the field of complex numbers iff T is thin over
the field of real numbers? What does it mean for ' to be thin over the field
of rational numbers? The examples suggest that if ' is thin over the complex
numbers then it is already thin over the rational numbers. If this is true, it
would be nice to have a proof. For the moment, suppose it is not true. Assume
[' is thin over the field of complex numbers, and define the splitting field of T
to be the minimal extention of the rational field over which I' is thin. Then the
elements of the Galois group of the splitting field act on the standard module,

"and permute the isomorphism classes of irreducible T-modules. How are the

isomorphism classes of T-modules mvolved related? Can the permuations be

nontrivial? ‘ .

(6)** Assume @, and assume there is a second Q-polynomial ordering of the
primitive idempotents. Prove TH. I believe in this case the first subconstituent
has at most 4 distinct eigenvalues, and the constant 1 from class is determined
by the intersection numbers. It may be possible to classify all such T.

(T)** Assume @, and assume there is a second . P-polynomial ordering of the
distance matrices. I believe the same thmg ha.ppens as in (6) above.

(8)** A path y =y, v1,---, e =z in I is said to be geodetic whenever
O(y,z) = t. Let us say a subset A of X 'is geodetically closed whenever all
vertices on all geodetic paths with endpoints in A are also in A. For any
vertices y,z € X, observe there exists a unique minimal geodetically closed
subset containing y,z, denoted [yz]. If the diameter of [yz] equals 8(y,z),
we say [yz] is a subspace of ' . Assume Q,TH, and pick any y, z € X.
Show [yz] is a subspace. Furthermore, show the subgraph induced on [yz] is
distance-regular, and satisfies Q,TH. If this proves not to be the case, find a
simple additional assumption on T' under which it is true. (It seems to hold
for the known examples). I believe these subspaces are the key to an eventual
classification of the graphs satisfying Q,TH (and possibly all distance-regular
graphs with sufficiently large diameter). In the examples, the partially ordered
set of all subspaces, ordered by reverse inclusion, is some classical geometry.
There are many classification theorems in the area of finite projective geometry.
My hope,is that given any T, the partially ordered set of all subspaces is
some highly regular geometry that can be classified using one of these theorems,
lea.dmguus to a classification of the original T. (By the way, I intend to explore
this area in the course I am teaching next fall on partially ordered sets).

(9)** Assume Q,TH. Find a nice basis for E;TE; in a way that generalizes
what we did in class for E;TE;.
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(10)* Assume B, TH, and that the dimension of E;TE7 is at tnost 4. Show
that Q holds. Find a nice basis for E;TE;.

(11) It is not hard to show that in general

Ci 2 Ci-1 (1£:< D)
b <bior . (0<:<D-1)

It is known that if T has at least one cycle yl, y2, y3, y4, yl such that
A(yl,y3) = 8(y2,y4) = 2,then

Ci — Cim1 + bimy—0bi 2 a1 + 2. (1£i<D).

This bound has proved to be quite fundamental. For example, the graphs T
where equality holds for all i all satisfy Q, and in fact they are precisely the
graphs of type IIA or IIC (referring to p10,11 in the thick paper I handed out
in class). These graphs have all been classified. I have some papers describing
some more general bounds of the above sort, but they are unsatisfactory in the
sense that the class of graphs for which equality is attained is not interesting,
and may even be empty Hence, one problem(**) is to find a bound that controls
the growth of the ¢;'s and the decrease of the b;’s, where equality is attained for
some nice, large class of graphs. Ideally, this class would contain all the known
examples of I' with sufficiently large diameter. or perhaps all the graphs T
satisfying Q+TH. Specific problem(*): Assume Z and redo the arguments in
the above-mentioned papers. Dramatic improvements in the bounds obtained
are expected ( I did not realise the significance of Z when I wrote the papers).
Since Q+TH — Z, the new bounds are expected to give important feasibility
conditions on the interection numbers of any T satisfying Q and TH.

(12)* Explore the class of graphs that are Q-polynomial with respect to each ver-
tex, but not assumed to be distance-regular. Are these graphs in fact distance-
regular or bi-distance-regular? (This result would be very esthetically pleasing
to me, since as we have seen, the sibling property of being thin does imply
distance-regularity or bi-distance-regularity). If the answer to the above ques-
tion is “no”, just what sort of regularity do these graphs have? For a graph
that is Q-polynomial with respect to each vertex, how must the orderings of
the primitive idempotents associated with adjacent vertices be related? Is it
possible for a distance-regular graph to be Q-polynomial with respect to each
vertex, but still not be Q-polynomial? (This is a completely new area. Up untill
now, the Q-polynomial property was only defined for dssta.nce-regula.r graphs)

(13)** To what extent do the polynomial relations on R L F gwen in
Theorem 51 actually characterize the Q-polynomial property? For example,
suppose



s

(iy L*FE;, LFLE;, FL?E;, L'E; are linearily dependent for all i (2 <
i< D), | :

(i) FLRE;, FRLE; are linearily dependent for all i (0 < ¢ < D), and

(ii) RL?E;, LRLE;, L*RE;, LF*E;, FLFE;, F'LE;, LFE;, FLE;,
LE? are linearily dependent, for all i (1 <: < D).

Then does Q hold? what if we assume TH? If not, what other graphs can

one get? are they “almost” @Q-polynomial in some sense (perhaps many Krein

parameters vanish, but not quite enough to imply Q). What is the essential

assumption about the coefficients in the above dependencies that is needed to

insure Q7

(14)*** Assume Q and TH. Find the abstract structure of the Norton algebra N.
My intuition says that this structure can be computed in terms of the interection
numbers and a small list of additional parameters such as. ¢. The examples
suggest that V is “almost associative” in some sense. Specific problem (*) Find
the precise structure of the Norton algebra for the examples J(d,n), J4(d,n),...
and find some pattern. The dual of Theorem 51 is relevant to this problem. My
intuition says that the idempotents of N should correspond to the subspaces
of T' referred to in problem 8, and that somehow the multiplication operation
in N should be related to the meet and join operations in the geometry of
subspaces referred to in that problem.

(15)** Assume Q and TH, and pick y € X. show
T(z)y = T(y)=.

(I can show this for J(z,y) = 1.) If the above line holds, then apparently
H := T(z)y = T(y)z is a module for the algebra T(z,y) generated by the
Bose-Mesner algebra M, the dual Bose-Mesner algebra M*(z), and M*(y).
Observe the elements of M*(z), M*(y) mutually commute, and in fact the
maximal common eigenspaces of M*(z), M*(y) arethe E;;V (0<1,j < D),
where E}; = E}(z)E;(y). Find a nice orthogonal basis for each Ej;H. Observe
the union B of these bases is a basis for H. Find the matrices representing A,
A*(z) A*(y) with respect to B. Choose B so that the'entries in these matrices
are nice, factorable expressions in the intersection numbers and whatever other
parameters are needed. In the case J(z,y) = 1, these entries can be determined
from the intersection numbers and the parameter ¢. If 9(z,y) > 2, presumably
there are some more free parameters analogous to "t that play a role. My
intuition says that as a T(z,y)-module, H is determined from the intersection
numbers of T and t free parameters, where t = d(z,y).

(16)** Does TH and Fewl imply Z? If not, what extra assumption is needed?

(17)** Does TH, Fewl, Few2, imply Q? If not, what extra assumption is needed?
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(18)** Let ' be an arbitrary graph, not assumed to be distance-regular. Con-
jecture: T is thin iff for all integers 1, j, k, and all vertices z,y, z € X such
that &(z,y) = 8(z,z) = i, the number of vertices w € X with J(w,z) = j,
S(w,y) = I, 8(w,z) =k equals the number of vertices w' € X such that
a(w' z) =j, Ow,z) =1 08w, y) = k. If T is assumed to be distance-
regular, then the conjecture is true and there is a long proof in the thick paper I
handed out in class (Theorem 5.1(iii)). A short, slick proof {assuming distance-
regularity or not) is very much needed. If the conjecture turns out not to be true
in the bi-distance-regular case, find some similar combinatorial characterization

of the thin property.

There are a number of additional problems in section 7 of the thick paper [
handed out in class. Essentially all the known examples of thin, Q-polynomial
distance-regular graphs are listed in section 6 of that paper.

For each of the above problems, I have a good deal of background information
to communicate, but unfortunately in most cases it is not in published form! If
you tell me what problem you want to focus on, I can tailor a series of lectures
this summer towards communicating what I know on the subject. But one key
point: Often “I don't know what I know”. If you are constantly asking probing
questions of me it makes my job a lot easier: it often reminds me of information
that is relevant that I had forgotten, or that I had forgotten was relevant.






